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Global attractor in competitive Lotka-Volterra systems
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For autonomous Lotka-Volterra systems of differential equations modelling the dynamicsapeting
species, new criteria are established for the existence of a single point global attractor. Under the conditions of
these criteria, some of the species will survive and stabilise at a steady state whereas the others, if any, will die
out.
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1 Introduction

In this paper, we are concerned with the asymptotic behaviour of solutions of the autonomous Lotka-Volterra
system

r, = biz;(1 — ), i€ Iy, (1.1)
wherez], = dz;/dt, b; > 0, I,, = {1,2,...,m} for any positive integefn, «; = (a;1, a;2,...,a;y) With
ai; > 0anda;; > 0, andz = (z1,22,...,2,)T € R". Since the behaviour dfl.1) is clear whem = 2, we

assumer > 2 though some of our results given later are applicable to two-dimensional systenii$, Let{x €
R" : z > 0}, where byy > x in IR™ we meany; > z; forall i € I,. We also writey > z if y > « buty # z.
We shall restrict the solutions ¢f.1) to IR’} in view of (1.1) modelling the dynamics of competitive species,
x;(t) denoting the population size of thith species at time. We say that an equilibrium* € IR’} of (1.1) is
a global attractor if every solution @fi.1) in intR”, = {x € R" : 2; > 0,7 € I,}, i.e. withz(0) € intR"},
satisfiedim;_. o z(t) = a*.

Since the independent introduction @f.1) as a population model by Lotka and Volterra in the 1920s, a
large number of researchers have been attracted to the theoretical investigdtian ahd its variations (see,
for example, [13] and the references therein for a brief account of the development). One of the problems
arising from(1.1) as a model is to find suitable conditions under which some particular (or all) species in the
competitive community will survive and stabilise at a steady state whereas the rest, if any, will die out eventually.
Mathematically, we need suitable conditions which ensure the existence of an equilibri@mR’} that is a
global attractor. It is known thdtl.1) has an equilibriumx* < intIR’; that is a global attractor if

<2 (1.2)

a;1 a;2 Qin
+ + -+
a11 a22 Apn

holds for alli € I,, (see [10], [6] or [5, p. 294-297]). Fdi.1) to have the same property as above, Hou [7] finds
a more general condition

max ,% 172% <172aik (1.3)
ajj Ak Ak
73 ki, j k#i,j

for all 4,5 € I, with ¢ # j, which incorporateg1.2) for all ¢ € I,, as a special case. F¢t.1) to have an
equilibriumz* € OIR"y = IR \ intIR"} that is a global attractor, Zeeman [14] shows that

(i — j)(ai; —ajj) >0 (1.4)
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2 Z. Hou: Global attractor in LV Systems

fori,5 € I, with ¢ # j guarantees the survival of only the first species, and Ahmad and Lazer [1] obtain a
criterion for the extinction of only one species. Li, Yu and Zeng [11] extend this criterion to the extinction of
possibly more than one species. Combiniig) with a condition similar to that of [12] for nonautonomous
systems, Hou [7] shows the global attraction of an equilibritine OIR”} with the survival of some species and

the extinction of the others.

The main purpose of this paper is to establish new criteria for the existence of a single point global attractor.
Using the idea of the “ultimate contracting cells” method, which was summarised by Hou [8] or [9], rather than
using Lyapunov functions, we shall see that the new conditions are geometrically simple and (hcydg .3)
and those given in [1] as particular instances.

The presentation of this paper is as follows. The statements of the main results under geometric conditions,
together with some examples, will be given§id Then in§3 these geometric conditions will be translated into
algebraic expressions. 4 the main results will be restated under equivalent algebraic conditions. Finally, the
proofs of the main theorems will be completecth

2 Main results under geometric conditions

We first explain some terms and notation. For any € IR’} with v > u, acell [u, v] is defined to be the set of
z € R} satisfyingv > z > u. ForanyJ C I,,,u’ € R is defined byu/ = v, if i € J andu; = 0 otherwise.
Thus, with this notationy» = u, u? = 0, andu’\t*} for anyk € I,, is the projection of: onto the coordinate
planer;, which is defined by2.2). If u > 0, the sety = {z € R} : v’z = 1} is an(n — 1)-dimensionaplane
inIR}. A pointz € IR’} is said to bebelow(onorabovg v if u”z < 1 (u’z =1 oru’z > 1). A nonempty set
S C IR} is said to bebelow(onor above ~ if every pointz in S'is so. Now for(1.1) we let

Y = (Clil, a5217 R a;ﬁ)Ta (21)
™ = {LC € ]R,1 LTy = 0}, i €1, (22)
vi = {reR}:aqzx=1}, i€l (2.3)

and viewN;cpm; asIR'y. Then, for anyJ C I,, N7, is obviously invariant undefl.1). Thus, asy; N
(Njer\ ;) = {Y19}, Y1 is an equilibrium of(1.1) on thex;-axis. LetU € [0, Y] be defined as follows:
for eachi € 1,,, if ; is below~; for everyj € I,, \ {i} thenU; = 0; if Y{*} is on or above some; (j # i) then

U, =Y, = ai‘il; otherwiseU; is the maximum value of th&h coordinate components of the intersection points

of v; with any othery;.

CONDITION (Cy). EitherU»\{*} is below~;, or v, N [0, U™ \{F}] is abovey; for everyj € I, \ {k}.
Alternatively, eithe/»\{¥} is below~y; or the sety; N [0, U= \{*}] is below-y, for every;j € I,, \ {k}.

The analytical definition of/, as well as its simplification, and algebraic realisation of condit@p) are left
to the next section. We shall see§fithatU is an ultimate upper bound for every solutieft) of (1.1) inintR"}
i.e.lim;_o.z;(t) < U, foralli € I,,. Moreover, conditior{C},) will guarantee the existence of sordie- 0 such
that every solution of1.1) in intR"} satisfiedim, , 2 (¢) > 6. Most importantly, the following theorem holds.

Theorem 2.1 Assume thatC',) holds for allk € I,,. Then(1.1) has a unique equilibrium* < intIR"} that
is a global attractor. Moreover, the inequality” < U holds.

Remark 2.2 It is shown in [7] that(1.2) for all ¢ € I,, implies (1.3) for all 4,5 € I,, with i # j. Itis also
shown tha{1.3) forall i, j € I, withi # j is equivalent to tha; N[0, Y/»\{*}] is belowny, for all j, k € T,, with
j # k. SinceU <Y, (1.3)foralli,j € I, with ¢ # j implies condition(Cy) for all k € I,,. Therefore, theorem
2.1 incorporates the known results usiig2) and(1.3) as special instances. The example below sati§fig$
for all £ € I,, but does not satisfy1.3) for somei,j € I,. Hence, theorem 2.1 applies to a broader class of
systems than the known results do.

Example 2.3 Consider systeril.1) with n = 3 and

aj; aiz2 ais 21 19 19
a921 Q22 423 = 1 3 1 . (24)
az1 agz ass 1 1 3
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Figure 2.1.U%\{?} is below~; for i € I3, butys N [0, Y {23}] does not beloww;.

Thena;; > aj; holds fori,j € I3 with i # j so Y} is below~; for all 4,5 € I with i # j. Since
M N Ny = {(0.25,0.25,0)7Y, v N N g = {(0.25,0,0.25)7}, 7 N7z N3 = {(0,0.25,0.25)7}
and (Njez,\(iyy;) N is belowy; for i € I3, by definition we have) = (0.25,0.25,0.25)7. Note that
o UBMiE < 1, s0 ;) holds, for alli € I3 (see Figure 2.1). By theorem 2.4; Ny, N vz = {z*} with

U; > x; > 0fori € Iy andz* is a global attractor. Indeed; = (55, 4+, 15)”. On the other hand, however, for
Y = (2,2 H7T, we have(0, 1, 11T € v N[0, Y23 but (0, 3, )T is belowys. So(1.3) does not hold for
somei, j € Is.

Corollary 2.4 Assume tha{C}) holds for allk € I,,. Then, for each nonempty sétcC I,,, (Njecs7;) N
(MNeer\gme) = {us} WithU; > (uy); > 0for j € J such that every solution ¢1.1) with z;(0) > 0 for j € J
andx(0) =0for ¢ € I, \ J satisfiedim,_. o, 2(t) = u;. Moreover,(1.1) has2™ equilibria in R’} .

Proof. WhenJ = {i} for somei € I, (1.1) onNyey,\ {537k iS equivalent tar; = b;x;(1 — asx;) SO
uy = Y1} meets the requirement. Note that theorem 2.1 can be appligditowith n > 1. Then, if|.J| > 1,
the conclusion about the required follows from the application of theorem 2.1 to th#-dimensional system
(1.1) onNyeg,\sme. Clearly,u s is the unique equilibrium of1.1) in Nyey, \ s, satisfying(u); > 0forj € J.
Sincel,, has2™ — 1 nonempty subsets and the origin is also an equilibritini,) has2™ equilibria inIR";. O

We have mentioned earlier that conditigfi, ), for any particulatk € I,,, will secure the survival of théth
species. Bearing this in mind and applying conditiéi.) to some of the indices (not necessarily all), we have
the following.

Theorem 2.5 Assume that conditiofC},) holds for allk € J C I, (J # 0). Then(Nje;v;) N (Nker,\amk) =
{z*} with0 < 2% < U; for j € J. In addition, ifz* is on~y for everyk € I,, \ J, thenz* is a global attractor.
Moreover, the conclusion still holds itd* is on~y” is replaced by “z* is on or abovey,” when U is replaced
byY.

Remark 2.6 Theorem 2.1 is the extreme case of theorem 2.5 when I,,. WhenJ = I,,_;, Ahmad and
Lazer [1] obtained the same conclusion under the assumptiong fat2) holds for alli € I,,_1, (ii) c,x* > 1
and (4i7) det(a;j)nxn > 0. Laterin [2, 3] it was pointed out that the above condit{ii) is redundant. From
remark 2.2 we know that, for anye I,,, (1.2) implies(1.3) for all j # ¢, which ensures conditiofC;) with the
replacement ot/ by Y. Thus, the result in [1] under the assumpti¢fisand (i) is covered by theorem 2.5 as a
special case.

Example 2.7 Consider systemil.1) with n = 4 and

aiy a2 613 14 5/2 3/2 1 3/2
ag1 G2 Q23 G24 | _ 1 3 1 1
asi a3z Q33 As4 B 2 2 2 2
(41 Q42 Q43 Q44 2 2 1 3

ThenY = (2,%,1 )T, Clearly,Y {*} is belown; for everyj € I, \ {i} asa;; > a;;. To calculate/;, we find
all the possible intersection points of with v; (j # 1) onmy N 73, w3 N 74 andwz N w4 and find the maximum
of the z; values of these points. Om N 74, 71 intersectsy; at (5, +,0,0)” forall j € Iy \ {1}. Onmy N7y,
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4 Z. Hou: Global attractor in LV Systems

71 |ntersect3y3 at( ,0, é,O) 71 intersectsy, andv, on; so these are ignored On N3, 71 intersectSyg
( 0,0, ) and% at( ,0,0, ¢ ) ~1 is below~,. ThenU; = max{4 3} = 3. We then obta|rU2 =z,
Us = Uy = 1 in the same manner. Conditi¢i,) holds sincen,U%\2 = Uy + U3 +U;=5<1.The set
[0, U%\MH] N 4, is a triangle with vertices = (0,2,1,2)7, P, = (0,2, &, 1)T andP; = (O, 1,1 HT,
Sincea,; P; > 1foralli € Iy andj € I, \ {1}, [0, U/*\{}}] N, is abovev; for everyj € I, \ {1}. Thus,
condition (C1) also holds. Theny Ny, N w3 Ny = {2*} with 2* = (4,1,0,0)7. Sinceazz* = 1 and

agz™ = 1, by theorem 2.5¢* is a global attractor.

Another extreme case of theorem 2.5 whies: {k} is simplified to the corollary below.

Corollary 2.8 Assume that conditio(C) and ayr = a; hold for somek € I, and all j € I, \ {k}.
ThenY {*} is a global attractor. The conclusion still holdsiif is replaced byy” anday;, = a;i; is replaced by
agk < ajk.

Remark 2.9 The conditions of corollary 2.8 witk = 1 and (1.4) for ¢,j € I,, with i # j are mutually
exclusive.

If U, = 0 for somef € I,,, from the definition of/ we make the following observations:

(i) Foreachj € I,,\ {¢}, Y1 is belowy; and everyy in v, is on or belowy;. Hence;y; N[0, U= \{*}] cannot
be belowy, so condition(C,) does not hold.

(i5) Forj € I, \ {¢}, YU} €, so, by(i), Y17} cannot be belowy,. Thus,U'»\{¢} = yI»\{¢},
(i77) From lemma 5.4 given if5 we shall see that every solution(@f1) in intIR} satisfiedim; .. x,(t) = 0.

Based on these observations we can redéfihe {} by the same definition as before except the substitution of
I, \ {¢} for I,,. Repeat this process until no more new zero components occur.

Theorem 2.10Let J = {ji,jo2,--,dm} C I, With1 < m < n and letV be defined by’ = 0 and
v\ ¢ [0,Y\/] given by the definition df with the replacement df, by I,, \ .J. Assume that the following
hold:

(i) For each? € I, Y1t} is below~y, and everyy in v;, N (7;, N -+ N 7j,_,) is on or belowy; for all
ke In \ {jlvj27 s 7j£}-

(i7) Foreachk € I, \ J, eitherV!»\{*} is belowny; or ;, N [0, V= \{k}] is abovey, for all j € I,,\ (JU {k}).

Then(Njecsm;) N (Niker,\JYk) = {2*} with0 < 23 < Vi fork € I,, \ J andz™ is a global attractor.

Remark 2.11 Suppose the conditions of theorem 2.10 are met. Then, applying theorem 2. 1Q)ten
N¢esme for any subseb C J, we see that every solution ¢f.1) with x;(0) > 0 for k € I, \ J andz;(0) > 0
for j € J satisfiedim;_,, 2(t) = «*. This remark also applies to corollary 2.13.

Example 2.12 Consider systentil.1) with n = 5 and

aill 12 Q13 QA14 A1s 2.1 1.9 19 0 1
21 @G22 G23 G24 QA25 1 3 1 2 0
as1 as2 a3z G34 a3s = 1 1 3 1 1
aq1 Q42 Q43 Q44 Q45 3 3 3 21 0
a51 Q52 (53 G54 0455 4 3 3 25 2

Sinceas; > a;; andass > a,5 for all 4, j € Iy, Yy} s below~; and eachy € vs is on or belowy; for all

J € Is. Also,asj > a;; andags > a4 forall i, j € I, soY {4} s below~; and eachy € v4 N 75 is on or below
~; forall j € Is. Now with J = {j1, 42}, j1 = 5 andj, = 4, condition(¢) of theorem 2.10 is met. Since the
entriesa;; for i, j € I3 are identical with those given if2.4), from example 2.3 we obtaii = (1, 1, 1,0,0)”
ando;Vs\ih < 1foralli € I; \ J = I3. By theorem 2.10, the equilibriunt* = (2, 1, 1.0,0)7 is a global

attractor.

Whenn = m + 1 with I,, = J U {k}, VI»\{¥} = 0 so assumptiofiii) is automatically met and theorem 2.10
has the following simplified form.
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Corollary 2.13 Assume that, for each € I,,_; and everyj € I, \ I, Yy s below~; and everyy in
Y¢ O (w1 N -+ Nme_y) is on or belowy;. ThenY {"} is a global attractor.

Remark 2.14 The condition of corollary 2.13 is equivalent to
aje < ag, aj;<aj_1;<---<ay, 1<0<j<n (2.5)

Note that(1.4) and(2.5) are mutually exclusive. Thus, neither of corollary 2.13 and the result given by Zeeman
[14] is covered by the other.

Finally, we make a brief remark about the conditions of the main result given in [11]. It is assumed that, for
somer < n, (1.2) with the replacement of by r holds for alli € I,. This implies the existence of an equilibrium
x* € Njer\1,m; With 27 > 0 fori € I,. Itis also assumed that' is abovey; for every;j € I,, \ I,.. Then,
with another condition requiring the existencenof r constants satisfying an inequality, it is shown thais a
global attractor. These conditions and those of theorems 2.5 and 2.10 are mutually independent though they have
some overlap.

3 Analytical definition of U and algebraic expression of Cy,)

The definition ofU given in§2 can be formulated as follows. For each I,,, let

a;;t if ay < aj; ora;; = 0forsomej € I, \ {i},
U= 0 ifay <ai, a5, <ag forall jk € I, \ {i}, (3.1)
max § —=4 e [\ {i}, ag; > aij} otherwise

Qi QL — Qi Ok

Remark 3.1 If condition (C}) holds for somek € I,,, then every equilibrium of1.1) on 7y, is below~y.
Indeed,u = 0 is obviously belowy,. Letu € 7 with « # 0 be an equilibrium. Then either = Y{%} ¢
[0, U \{k}] for somei € I,, \ {k} or, by the definition of7, u € ; N [0, U= \{*}] for somej € I,,\ {k}. In the
former casel/; < a;;'. By (3.1), u = Y1} is below, for all ¢ € I,, \ {i} sou is below~;. In the latter casey
is belowry, by (Ck).

In some situation(3.1) has a simpler form. To see this, suppas€é! is below~; for all j € I,, \ {i}, i.e.
ai; > aj;, j€ I\ {i}. (3.2)
For eachj € I,, \ {i}, suppose also that either
aik > aji, k€ Ip\{i} (3.3)

oraj; > a;; andy; Ny, N (Neer,\(i,37e) = {E9)} which is belowy, for all ¢ € I, \ {i,5}. The latter can be
written
Ajj > Qij, a@i(ajj — aij) + GEj(aii — aji) <1, [tel, \ {Z,J} (34)

Aii@jj — @ijQji

Then(3.1) can be simplified as

U; = max {0, B g€l \ {i},ajj > Clij} . (35)

AiiGjj — GijQji

If condition (C},) holds for allk € I,,, then, by remark 3.1(3.2) and(3.4) hold for all4, j € I,, with ¢ # j soU
can be defined by

Uimax{ajj_aij:jefn\{i}}, i€ 1, (3.6)

Qiijj — Qijji
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6 Z. Hou: Global attractor in LV Systems

Lemma 3.2 (i) ForanyJ C I, with |J| > 1, condition(C;) for all ¢ € J implies

max{ i( —aj UI"\{”})} 1 — U\ (3.7)
ajj

forall i, j € Jwithi # j. (i) Conversely, for a fixed € I,,, (3.7) forall j € I, \ {i} implies conditionC;).

(797) Condition(C;) holds for alli € I,, if and only if (3.7) holds for alli, j € I,, withi # j.

Proof. (i) SupposeyU!»\{:7} > 1 for somei, j € J with i # j. Then[0, U/»\{2}] N, o [0, U \M53H N0
i # 0. Sincel0, U \{7}]n~; is abovey; by (C;) whereas it is below; by (C;), this is impossible. Therefore,
we must have

o UIMBIY <1 G e Ji#j. (3.8)
For anyi, j € J with ¢ # j, we assuméd,, \ {i,j} # 0 as otherwisg3.7) holds obviously. If we can show that

forall j € J\ {i}, then(3.8) and(3.9) result invy; N [U»\153} U1=\{i) = [y} with y»\I} = gl \0d} and
y; = a;;' (1 — a;UT\13}), By condition(C;) y is below~y;, so

oy = U \53} + aija; (1 — o UI\BIhy <1

and(3.7) follows from this and(3.8). For any;j € J \ {i}, (3.9) is obvious ifU; = a;;. If U; < a‘1 then,
foranyk € I, \ {i,j}, Y17} is belowy; by the definition of/;. On the other hand({k} is belowv7 by( )
and remark 3.1. Consequently, Ny N (Neer,\ (.61 7) = {E(W} Then(3.9) follows froma; EV*) = 1 and
EU®) ¢ [0, U!»\11}] by the definition ofU.
(i) If ;U\ < 1 thenU™\#} is below~; so condition(C;) holds. Now suppose; U \{?} > 1. Then,
for eachj € I,, \ {i}, sincea; U \»7} < 1 by (3.7), we havel/; > 0 andZ\) e [U-\Mi} I \i}] such that
a;Z@) = 1. It can be shown that

n[o, U\ = { > diz9dj=0, Y djzl}.

JEI\{i} JEIN\{i}
Hence, to show that conditigi®’;) is met, we need only verify

amZ9) >1 (3.10)

for each fixedj € I,, \ {i} and allm € I,, \ {i}. Note thath(j) = a;;' (1 — aUT\%33), 1t then follows from
this and(3.7) that

o Z\) = U \{”}Jra ja;; 11— UMty 51 (3.11)

forall j € I, \ {i}. Foranym € I, \ {i,5}, if am; = 0 thena,,,Z0) = .U\ > o, 2™ > 1 by
(3.11). If ayy; > 0 andUm = a, ! , we also havev,,,ZU) > a,,,, Uy, + amJZ(” > ammUn = 1. Since
am; = 0impliesU,, = a,,},, we have actually verified.10) whenU,, . So our remaining task is to
show(3.10) under the assumptiolii,,, < a,,!,, which impliesa,,.m > agm andamk >0forallk € I, \ {m}
by the definition ofU,,,

(A) Supposdl,, # {z’,j, m}. Then, fork € I, \ {4, j, m}, we have eithed < agr < ami Or0 < ami < agk-
In the former casel/y = ay;' S0, ZY) > an,, Uy > 1. In the latter caseym, N vk N (Neer,\ m,k}Te) =
{E(™M)}, SinceE(mF) < Uimk} anda,, E(™*) = 1, we haven,,, Z0) > a,,, UT™F > q,, E(™F) =1,

(B) Supposd,, = {i,j,m}. Sincea; U\ = a;,U; + ajn Uy, > @;Z9) > 1 by (3.11) anda;;U; < 1,
we must haver;,,,U,, > 0 S0, > ajm > 0. If aj > aj; thena,, ZU) > ;Z0) > 1. Otherwise, we have
Ajj > Amj > 0 SO07; NYm NI = {E(]m)} with

(E](jm)7Er(r_zm)) _ ( Amm — Qjm ajj — Qm; )

b
AjiAmm — AjmAmj GjiAmm — AjmaAmj

Copyright line will be provided by the publisher



mn header will be provided by the publisher 7

By the definition of/ we haveEU™ < Ulim}. SinceEY™ < U,, is equivalent tar; (1 = ajmUp) >

a;,;(l — G Up) and(3.11) giveSa,le(l — @i Up) > a;;(l — a;mU,,), from these we obtain
amZ9 = U + amjai_jl(l — aimUn)
> Amm Urn + a'mj a',_n:; (1 — Amm Um)
= 1.
Therefore(3.10) holds for allm € I, \ {i}.
(#i1) This follows from(¢) and (). O

4 Restatement of the main results

With the preparation i§3 we are now in a position to restate the theorems and corollaries gi¥en in

Theorem 4.1 Assume thafl.1) satisfieg3.2), (3.4) and (3.7) for all 4, j € I,, with i # j, whereU is given
by (3.6). Then(1.1) has an equilibriumz* € intR’; with z* < U that is a global attractor.

Corollary 4.2 Under the conditions of theorem 4.1, for each nonempty setl,,, (1.1) has an equilibrium
zy € [0,U7] with (z;); > 0fori € J thatis a global attractor within the interior ofi,c, \ ;7 viewed asIR‘jr”.
Moreover,(1.1) has2™ equilibria in IR} .

From lemma 3.2 we see that the conditions of theorem 4.3 and corollary 4.4 given below are slightly stronger
than those of theorem 2.5 and corollary 2.8 respectively.

Theorem 4.3 LetJ C I,, with J # (. Assume thaf3.7) holds for each € J and everyj € I, \ {i¢}, where
each componerif; of U is defined either by3.1) or, if (3.2) and(3.4) holds for allj € I,, \ {i}, by (3.6). Then
(1.1) has an equilibriumz* € [0, U] with 2% > 0 for j € J. In addition, ifo;z* = 1 forall j € I,, \ J, then
x* is a global attractor. Moreover, &;2* = 1” can be relaxed to ‘o;;z* > 1" when U is replaced byY” given
by (2.1).

Corollary 4.4 Assume that3.7) anda;; = a;; hold for some € I,, and allj € I,, \ {i}, whereU is defined
by (3.1). ThenY %} is a global attractor of(1.1). Moreover, ‘a;; = a;;” can be replaced by &;; < a;;”if Uis
replaced byy'.

Theorem 4.5 LetJ = {j1,j2,...,Jm} C InWith1 < m < nand letU € R be defined by/; = 0 for
i € J and by(3.1), with I,, replaced byl,, \ J, fori € I, \ J. Assume that

(i) foreachl € I,,, and everyj, k € I, \ {j1,Jo,-.-,Je},
Ahje < Qjejes  Ahj < Ajojs (4.1)
(i) foralli,j € I, \ Jwithi # j (if n > m + 1),
max{07 i (g _ aqun\J)\{i,j})} 1 — aUUn\INGET, .2)
ajj
Then(1.1) has an equilibriumz* € [0, U»\/] with x> 0forj € I, \ J thatis a global attractor.

Corollary 4.6 Assume thatl.1) satisfies(2.5). ThenY {"} is a global attractor.

Remark 4.7 By remark 3.1 and theorem 2.1, we are tempted to make the following conjecture as an improve-
ment of theorem 2.1:

System(1.1) has an equilibriumz* € intIR'} that is a global attractor if, for eache€ I,,, every
equilibrium of (1.1) onx; is below~;.

This is obviously true whem = 2. Whenn = 3, the condition ensures that eagh*} is a local repellor and,
by lemma 5.1 given in the next sectiop, N 2 N3 = {z*} C intIRi. Then, by a result given in [4}* is
a global attractor. Hence, it is fairly reasonable to make the above conjecture for gené@ransional system
(1.1). However, further investigation is needed to clarify it.
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Tk+1

v w* u(dy) e

Figure 5.1
5 The proofs of theorems 2.5 and 2.10

The method of ultimate contracting cells (see [8, Theorem 2] or [9, Lemma 1]) will be used in the proofs of the
theorems though it is not explicitly stated here. Our first lemma establishes the existence of a unique equilibrium
z* € intlR’} under conditions weaker thad’y,) for all k € I,,.

Lemma 5.1 Assume that, for eache I,,, every equilibrium of1.1) on; is belowy;. Then there is a unique
equilibriumz* € intlR’} withz* <Y,

Proof. Denoting the statement of lemma 5.1Bfn), we show the truth oP(n) by induction. The truth of
P(n) is trivial for n = 1 andn = 2. Supposing thaP(n) is true for some: > 2 and alln € I, we now show
the truth of P(k + 1).

By the assumption, for eache Iy, every equilibrium of(1.1) on x; is below~;. In particular, for each
i € I, every equilibrium of 1.1) onm; N 741 is belowy; and~y,.;. Viewing (1.1) onmy; as ak-dimensional
system oriR’_j and using the truth oP(k), we have a unique equilibrium* of (1.1) on 7,4 satisfyingd <
uf < aj;* fori € I,. This implies that the solution of the system

au=1, €I

can be written:(d) with u(0) = u*, ug41(d) = 6 andu(d) — u* is linear ind. Thus,u(d) € intIRfi+1 holds for
sufficiently smallo > 0.
(i) If u(ay )1y, ,) € INRE! thenu(s) € intIRE ™ for all § € (0,a;}4,,.,,] and

-1 -1 _
O‘k+1“(ak+1k+1) 2 Ot k41044141 = Lo

As ai11u(0) = agpiu* < 1 by the assumption, there isig € (0’a1;+11k+1] such thatug1u(dg) = 1. Then
u(do) € intIR’frl is the required equilibrium.

(id) If u(azlyy, ) & INRET, then there is &, € (0,a; ;] such thaw(d) € intR; ™ for all § € (0,6,)
butw,(d1) = 0 for somel € Ij,. ThusN,cy, v; is a line segment joining* with «(d; ). Again, by the assumption
and the truth ofP(k — 1) and P(k), (1.1) has a unique equilibrium* on m, N 741 satisfyingd < v} < a;;'
fori € I), \ {¢} and a unique equilibriumy* onm, with 0 < w} < aj*jl for j € Iy+1 \ {¢}. Consequently, the
setS = Nicr,\(¢}7i IS a two-dimensional plane amtlcy, .\ (¢}7: IS @ line segment starting from* on S (see
Figure 5.1). Note that N 7, is a line segment containing’, w* andw(d;), and.S N 741 is a line segment
containingv® andu*. Sincev* is below bothy, and~ 1, u* is below~;; andw™ is below~,, we must have
Ye N1 NS = {x*} CintlRY} with 2* the required equilibrium.

Therefore, we have shown the truth®Btk + 1) whenP(n) is true for alln € I;. By induction,P(n) is true
foralln > 1. O

The next lemma gives an ultimate upper bound of any solutiofi af) in terms of a given ultimate lower
bound (see [7, Lemma 3.2)).
Lemma5.2 Letz € R’ satisfyz; = 0if ;& > 1 for anyi € I,, and letj € IR'y be given by

g = max{0,%; +a,;' (1 — o;2)}, j € L. (5.1)
If a solution of(1.1) in intIR’; satisfiedim, ,  x(t) > &, then it also satisfieBm;_...z(t) < §.
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However, we shall need a refined ultimate upper bound basé¢g.bn For the above: and somg € I,,, if
we know thatr;(t) — &, ast — oo, then we takgj; = z; rather than5.1). Now fory > & with §; = &, or g;
given by(5.1) for eachj € I,,, letJo = {i € I,, : &; < §;} and definet € [Z, 9] by (5.2) for eachi € I,,,

g, 1f Jo={i} ori ¢ Jyor, forsomej € Jo \ {i},
Q5 = 0 or Oéj{lATI"\{i} + ajig)i > ].;
. T; ifiedy# {i}7aji‘l“'\{i} +aj9; <1 andajy <1
forally € v, N [&, 9] andj € Jo \ {i};
max{u{"" : y; Ny N [&, HWD] = {u@P} j k€ Jo\ {i}}
otherwise

(5.2)

WhereH(ij) = j;ln\{ivj} + g{z]}
Lemma 5.3 Assume that a solution(t) of (1.1) in intR"} satisfies
& <lim,  x(t) <lmyooz(t) <9

for somez, y € intIR"}, where, for any, j € I,,, ; = 0if ;& > 1 andg; is given by(5.1) if §; > &;. Then, for
2 > g defined by(5.2), z(¢) also satisfiesim; .z (t) < 2.

Proof. We only need to sholim;_...z;(t) < 2 if 2, < g, for a fixedi € I,,. This can be achieved by
showing that, for every, € (;, 9;], there is an; € [2;,ro) such that

limy ooz (t) < 1o (5.3)
implies
mt‘}ool'z(t) S T1. (54)

Fromz; < ; and(5.2) we know thati € Jy # {i}, a;; > 0 anda; @\ + a5 < 1,0.e. 21\ 4 glitis
below~;, for all j € Jy \ {i}. By (5.1), #/»\{*} + ¢{k} is on~,, for all k € Jy. Thus, for eachy € Jy \ {i},
HU9) = 3I\53} 4 103} is on or abovey; andz/\{*} + g1} is belowry,, for everyk € Jy \ {i}. Now suppose
(5.3) holds. The line segmetdt,, = {z € [#, H(9)] : 2; = ro} must intersect a plang, for somek € Jy \ {i}
atQU) (see Figure 5.2) such th@?) = ry, Q) = 2, for ¢ € I,,\ {i,j} and

Q;j) = min{azjl(l — Ozei‘I"\{i’j} — aeﬁ“o) A e Jy \ {Z}, Qgj 75 0}.

By the definition ofz; andry > 2;, we see than.j) > T andQ'Y) is abovey; but on or belowy, for every

te Jo\ {i}. Puty(e) = {x € R : Bz = e}, whereg = (531, B2, ..., 3,) with 8; = 0for j € {i} U (I, \ Jo)
and

_ Q&))"
- l ~ ~
1+ ZEEJO\{Z'}(QE ) — &) 12

B;
for j € Jo \ {i}. Then ther;-axis is below and parallel to the plané:) for eache > 0, [z, 2/ \U} 4 1] is
below and parallel tey(1), andQ?) is on~(1) for j € Jy \ {i}. Moreover, for any: € (3%, 1), the set

Ale) ={z €[, 9] : wi <ro, Bz < ¢} (5.5)
is below~; for everyj € Jy \ {i}. We now show the inequality

lim, . B(t) > 1 (5.6)

by assuming its falsity, i.dim, , Sz (¢) = ¢ for somes < 1. Then there is a sequengg, } satisfyingt,, — oo
asm — oo andpz(t,,) < (14 6)/2forallm > 1. Sincelim;_, o x¢(t) = &, for £ € I, \ Jp, (5.3) holds and
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#In\IY 4 gla} I Mg} o s{is} H)
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(1) N [&, B

R

& YRG0 FI ) 4 gl
Figure 5.2
A(%‘;) given by (5.5) is a closed set, we can assume the existen@e of 0, [z, §] 2 [, 9] and7y > ro such
thatz(t) € [Z,y] andx;(t) < 7 forall ¢ > T and the set
A((146)/2) = {z € [ §] : @ < Fo, B < (146)/2}

is below~; for all j € Jy \ {i}. Thus, for anyt > T, z(t) € fl(#) implies 8z'(¢) > 0. Without loss of
generality, we may also assume thdt,,) € fl(%), so thatgz'(t,,) > 0, for all m > 1. Then, for each
m > 1, Bx(t) is increasing fot > t,, as long as:(t) € fl(%‘;). This, together withsz(¢,,) < (1 + ¢)/2 for
all m > 1, results inz(t) € A(1£?%) for all t > ¢;. By the closeness ol (1) there is are € (0, 1) such that
a;jz <cforallz e A(%‘S) andj € Jo \ {i}. Hence, from(1.1),

25() 2 () (-O01)

fort > t; andj € Jo \ {i}. This leads tQBz(t) — oo ast — oo, a contradiction tdim,_, . Gz(t) = 4.
Therefore, we must hav@.6).

Note that, for eachi € Jy \ {i}, v(1) N [#, H#)] is a line segment parallel {o, 27\ + g1 andQV) is
onit. Sowe lety; Ny(1) N [&, H#)] = {PUW)} or, if itis empty, lety(1) N [&, 27\t 4- g1} = {PU)}, and let

ri =max{PY : j € Jo\ {i}}.

Thenr, € [2;,7,) as eacl)) is abovey;. We observe that the closed $4t)) = {x € [2,9] : =; > 1, Bz > 1}
is abovey; for everyn > r1. Then, from this observation ar{d.6) we see that(¢) satisfiesr;(t) < » for each
n > r1 and all sufficiently large. Thus(5.4) holds. O

From lemmas 5.2 and 5.3 we obtain an ultimate upper bound for all solutidaslgfin intIR'} .
Lemma 5.4 Every solution of1.1) in intIR’} satisfies

limy oox(t) <U
for U given by(3.1). If U;, = 0 for somej; € I,,, then there exist = {ji1,j2,...,jm} C Iy Withl <m <n
such that(4.1) holds for eaclt € I,,, and every;, k € I,, \ {j1, j2, .-, je}. Moreover, every solution ¢f..1) in
intIR"} satisfies

limyoz(t) <V,

whereV;, = 0 for k € J andV; € (0,a;;'] is given by(3.1) with the replacement df, by I,, \ J fori € I, \ J.
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Proof. By lemma5.2, every solution ¢f.1) inintlR’; satisfies

Note that given by (5.2) with [#, 9] = [0, Y] coincides withU defined by(3.1). Then, by lemma 5.3, every
solution of(1.1) in intIR"} satisfies

0=2<lim, 2(t) <limy_.ox(t) <2 (5.7)

with 2 = U. If U;;, = 0 for someyj, € I,, then, withJ = {j1}, (4.1) follows from (3.1) for £ = 1 and all

4,k € I, \ {j1}. From the observatiotii) made before theorem 2.10 we know that= Y /=\{/1}, Applying
lemma 5.3 again witffi#, §] = [0, Y»\{71}], we see that every solution ¢f.1) in intIR’} satisfies(5.7) with 2
given by(5.2). Note that, for eachi € I,, \ {j1}, 2; coincides withU; given by (3.1) after the replacement of

I, by I, \ {ji}. If 2; > 0forall j # ji, then the conclusion follows with = {j,} andV = 2. Otherwise, if

z;, = Uj, = 0for somej, € I, \ {1}, the conclusion follows from repeating the above process a number of
times. O

The next lemma gives a refined ultimate lower bound based on the given ultimate lower and upper bounds. In
particular, it confirms that conditiofC},) guarantees the survival of ti¢h species.

Lemma 5.5 Assume that every solution@f.1) in intR’; satisfies
& < lim, @ (t) < meoo(t) < @ (5.8)

for somez, @ € IR’;. Assume also that, for somes J; = {j € I, : 4; > &;} # 0, either(A) 21 + al-\{i}
is belowy; or (B) i is belowy; but~y; N [#, 211 4 a/»\{1}] is abovey; for everyj € J; \ {i}. Then there is a
do > 0 such that

lim, () > & + do. (5.9)
Proof. Under(A) and(5.8) we show that
5() = Cli;l(]. — QL — O[i’LALI"\{i})

meets the requirement @6.9). In fact, 5, > 0 sincei{ + a/»\{%} is below~;. Moreover, for arbitrary
5 € (0,00), we havea;a'» M + a;(60 + ;) = 1 anda;a'» M3 + a;(6 + ;) < 1. For each solution
of (1.1) in intR"}, sincelim;_ocx(t)/\ < a/»\&} py (5.8), there is aty > 0 ande € (0,1) such that
iz ()M p a6+ a) < e < 1forallt > t. If z;(t) < &; + ¢ holds for allt > t, then

Oéil‘(t) < OéiI(t)I"\{i} + aii(é + i‘l) <ex<l1

fort > to, sox;(t) > x;(tg)et1==)t=t) — o0 ast — oo. This is impossible. Since; () < #; + J for any
t > to implies the increase af; for ¢ at the vicinity oft, there must be & > ¢, such that;(t) > &; + ¢ for all
t > ty. Thus,lim, , z;(t) > &; + d. Then(5.9) follows from this and the arbitrariness &f (0, do).
Under(5.8) and(B), the proof of [7, Lemma 3.3] can be copied to here almost verbatim after the replacement
of [, g] by [Z, 4. O

With the above preparation we are now able to embark on the proofs of the theorems.

Proof of theorem 2.5. Fat € .J, since condition(Cy,) holds, by remark 3.1 every equilibrium ¢f.1) on
7k N (Njer,\s7;) IS belowyy. Restricting(1.1) to Ny, \ sm; and applying lemma 5.1 to it, we obtain a unique
equilibriumz* on Nj¢y, \ y; satisfyingd < zj; < a,;kl for k € J. By lemma 5.4, every solution dfi.1) in
intlR’; satisfies

0 <lim, z(t) <limy_z(t) <U LY. (5.10)
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Since condition(C},) holds for allk € J, by lemma 5.5 there is@& < (0, 1] such that every solution @f..1) in
intIR"} satisfiedim, ,  x(t) > dz*. Letd, be the supremum of sugh Then, by lemma 5.2, every solution of
(1.1) inintIR’} satisfies

Soz* = & <lim, , x(t) < limy_ooz(t) < 9,

whereg is given by(5.1). By the assumption;* is on-y; for everyj € I,,. Hencei = z* = g, soz™ is a global
attractor, ifég = 1.
Now suppos&, < 1. By lemma 5.3, every solution ¢f.1) in intR"} satisfies

& <lim,  2(t) <limy_o2(t) < 2,
wherez is given by(5.2). For eachk € J, sincea,d = dpara™ = dp < 1, if we can show that
ajy>1, jel,\{k} (5.11)

whenever ¢ [z, 21k 4202 \MF Ny, £ 0, by lemma 5.5 again we havien, ,__x(t) > dz* for somes € (5o, 1],
which contradicts the definition @f,. This contradiction shows thag = 1.

To prove(5.11) we introduce an affine mapping: [0, Y] — [0, Y] defined byf(z) = & + (1 — dp)z. Then
f(0) =z and, foreachi € I,,, f;(Y) = &;+(1—80)Y; = &+ (1—u#)ay;' = §i > &;. Thus,f([0,Y]) = [2, 9]
and, for anyS c I,,

£([0,Y7]) = [2, 2"\ + 4],
Next we check thaf (U) = 2 so thatF'([0, U]) = [, 2] and, for anyS C I,,,
F([0,U0°]) = [&, 275 + 27, (5.12)

For this purpose, we note that € N;c;,~v; by the assumption anfl(z*) = & + (1 — §p)z* = z*. For each
y € [0,Y]\ {z*}, f(y) = doz* + (1 — do)y is on the line segmenfz*. Thus, f(v; N[0,Y]) = v N [Z, 7]
for all i € I,. For any fixedi € I, if U; = a;' then, by(3.1), a;; = 0 or Y1 is not below~;, so
FY) =3+ (1—60) Vi = 27\ 4 3li} is not belowy;, for somej € 1, \ {i}. By (5.2) we havez; = ;.
Therefore f;(U) = fi(Y1}) = g; = 2. If U; = 0, thenY {*} is below~; and everyy € +; is on or belowy; for
all j € 1,,\ {i}. Soz!=\i} 4 gii} ' which is omry,, is below-y; and everyy € ~; N [, 7] is on or belowsy; for all
j € I,\ {i}. By (5.2) again,z; = #,. Hence,f;(U) = f;(0) = #; = ;. Now suppos® < U; < a;;'. From
(3.1) we havea;; > ax; anda;; < ay; for somek, j € I, \ {¢}. Theny; N, N[0, Yy {%7}] consists of a single
point having

akj — aij
GiiQkj — QijAki
as itsith coordinate. Since € v; N v, N [0, Y%} if and only if f(z) = y € 73 Ny N [, 27 MBI} 4 glidh
anda;i = dy = oy, by a routine check we see thatn +;, N [&, &/ \47} 4 {47} also consists of a single
pointu(*7%) with
akj — aij

ugijk) =&+ (1 —6g) —————.
AiiOkj — QijQki

From(3.1) and(5.2) we obtain

ap; — a

fZ(U) z; + (1 — (50) max{ ) : k,j e, \ {Z}, agj > aij}

QiiQkj — QA

= max{ugijk) vkyje I\ {i},ar; > ais}

2.
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Therefore,f(U) = 2. Now that(5.12) is derived fromf(U) = %, we must have
£0,U" N ) = [2,a 0 + 22\ Ay

Then, fory € [z, 21k} + 2I-\k}) v, £ (), there is a unique € [0, U™ \{*}] N 4, such thatf(z) = y. By
condition(Cy) for k € J, x is abovey; for all j € I,, \ {k}. Thusy is abovey; for all j € I, \ {k}, i.e. y
satisfieg5.11).

If Y replaced’ in the conditions and;;=* > 1is assumed foralj € I,, \ J, thenf(Y") > g so f([0,Y]) D
[Z, y]. The above argument is still valid after minor modifications.

Finally, thatz* < U follows from (5.10) andlim;_., x(t) = x* for every solution of 1.1) in intIR} . O

Proof of theorem 2.10. Whem > m + 2, by assumptiorgi:) and theorem 2.1 with the replacement/pfby
I, \ J we know that(1.1) has a unique equilibriuna* € N;c m; with 0 < 2} < V;fori € I,, \ J. Thisis also
true withz* = Y{*} whenI, = J U {k} (i.e. n = m + 1). We next show that* is a global attractor. From
lemma 5.4 we know that every solution@df1) in intiR’} satisfies

0=a <lim, , 2(t) <Tlimy_.z(t) < 2

with 2 = V. Then, by(i) and(ii), for eachk € I,, \ J, eitherV!»\{*} is below~,, or v, N [0, V= \{¥}] is above
v, for everyj € I, \ {k}. Applying lemma 5.5 tq1.1) we obtain

lim z(t)’ =0, lim, z;(t)>6, jeI,\J

t—o0o

for somes > 0 and all solutions of1.1) in intIR'y . Since{z*} is the largest invariant set ¢f.1) in {y € R} :
y/ =0,y; > 6,5 € I, \ J}, z* must be a global attractor. O
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