
mn header will be provided by the publisher

Global attractor in competitive Lotka-Volterra systems
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For autonomous Lotka-Volterra systems of differential equations modelling the dynamics ofn competing
species, new criteria are established for the existence of a single point global attractor. Under the conditions of
these criteria, some of the species will survive and stabilise at a steady state whereas the others, if any, will die
out.
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1 Introduction

In this paper, we are concerned with the asymptotic behaviour of solutions of the autonomous Lotka-Volterra
system

x′i = bixi(1− αix), i ∈ In, (1.1)

wherex′i = dxi/dt, bi > 0, Im = {1, 2, . . . ,m} for any positive integerm, αi = (ai1, ai2, . . . , ain) with
aii > 0 andaij ≥ 0, andx = (x1, x2, . . . , xn)T ∈ IRn. Since the behaviour of(1.1) is clear whenn = 2, we
assumen > 2 though some of our results given later are applicable to two-dimensional systems. LetIRn

+ = {x ∈
IRn : x ≥ 0}, where byy ≥ x in IRn we meanyi ≥ xi for all i ∈ In. We also writey > x if y ≥ x but y 6= x.
We shall restrict the solutions of(1.1) to IRn

+ in view of (1.1) modelling the dynamics ofn competitive species,
xi(t) denoting the population size of theith species at timet. We say that an equilibriumx∗ ∈ IRn

+ of (1.1) is
a global attractor if every solution of(1.1) in intIRn

+ = {x ∈ IRn : xi > 0, i ∈ In}, i.e. with x(0) ∈ intIRn
+,

satisfieslimt→∞ x(t) = x∗.
Since the independent introduction of(1.1) as a population model by Lotka and Volterra in the 1920s, a

large number of researchers have been attracted to the theoretical investigation of(1.1) and its variations (see,
for example, [13] and the references therein for a brief account of the development). One of the problems
arising from(1.1) as a model is to find suitable conditions under which some particular (or all) species in the
competitive community will survive and stabilise at a steady state whereas the rest, if any, will die out eventually.
Mathematically, we need suitable conditions which ensure the existence of an equilibriumx∗ ∈ IRn

+ that is a
global attractor. It is known that(1.1) has an equilibriumx∗ ∈ intIRn

+ that is a global attractor if

ai1

a11
+

ai2

a22
+ · · ·+ ain

ann
< 2 (1.2)

holds for alli ∈ In (see [10], [6] or [5, p. 294–297]). For(1.1) to have the same property as above, Hou [7] finds
a more general condition

max
{

0,
aij

ajj

(
1−

∑
k 6=i,j

ajk

akk

)}
< 1−

∑
k 6=i,j

aik

akk
(1.3)

for all i, j ∈ In with i 6= j, which incorporates(1.2) for all i ∈ In as a special case. For(1.1) to have an
equilibriumx∗ ∈ ∂IRn

+ = IRn
+ \ intIRn

+ that is a global attractor, Zeeman [14] shows that

(i− j)(aij − ajj) > 0 (1.4)
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2 Z. Hou: Global attractor in LV Systems

for i, j ∈ In with i 6= j guarantees the survival of only the first species, and Ahmad and Lazer [1] obtain a
criterion for the extinction of only one species. Li, Yu and Zeng [11] extend this criterion to the extinction of
possibly more than one species. Combining(1.3) with a condition similar to that of [12] for nonautonomous
systems, Hou [7] shows the global attraction of an equilibriumx∗ ∈ ∂IRn

+ with the survival of some species and
the extinction of the others.

The main purpose of this paper is to establish new criteria for the existence of a single point global attractor.
Using the idea of the “ultimate contracting cells” method, which was summarised by Hou [8] or [9], rather than
using Lyapunov functions, we shall see that the new conditions are geometrically simple and include(1.2), (1.3)
and those given in [1] as particular instances.

The presentation of this paper is as follows. The statements of the main results under geometric conditions,
together with some examples, will be given in§2. Then in§3 these geometric conditions will be translated into
algebraic expressions. In§4 the main results will be restated under equivalent algebraic conditions. Finally, the
proofs of the main theorems will be completed in§5.

2 Main results under geometric conditions

We first explain some terms and notation. For anyu, v ∈ IRn
+ with v ≥ u, acell [u, v] is defined to be the set of

x ∈ IRn
+ satisfyingv ≥ x ≥ u. For anyJ ⊂ In, uJ ∈ IRn

+ is defined byuJ
i = ui if i ∈ J anduJ

i = 0 otherwise.
Thus, with this notation,uIn = u, u∅ = 0, anduIn\{k} for anyk ∈ In is the projection ofu onto the coordinate
planeπk, which is defined by(2.2). If u > 0, the setγ = {x ∈ IRn

+ : uT x = 1} is an(n− 1)-dimensionalplane
in IRn

+. A point x ∈ IRn
+ is said to bebelow(onor above) γ if uT x < 1 (uT x = 1 or uT x > 1). A nonempty set

S ⊂ IRn
+ is said to bebelow(onor above) γ if every pointx in S is so. Now for(1.1) we let

Y = (a−1
11 , a−1

22 , . . . , a−1
nn)T , (2.1)

πi = {x ∈ IRn
+ : xi = 0}, i ∈ In, (2.2)

γi = {x ∈ IRn
+ : αix = 1}, i ∈ In, (2.3)

and view∩i∈∅πi as IRn
+. Then, for anyJ ⊂ In, ∩i∈Jπi is obviously invariant under(1.1). Thus, asγi ∩

(∩j∈In\{i}πj) = {Y {i}}, Y {i} is an equilibrium of(1.1) on thexi-axis. LetU ∈ [0, Y ] be defined as follows:
for eachi ∈ In, if γi is belowγj for everyj ∈ In \ {i} thenUi = 0; if Y {i} is on or above someγj (j 6= i) then
Ui = Yi = a−1

ii ; otherwiseUi is the maximum value of theith coordinate components of the intersection points
of γi with any otherγj .

CONDITION (Ck). Either U In\{k} is belowγk or γk ∩ [0, U In\{k}] is aboveγj for everyj ∈ In \ {k}.
Alternatively, eitherU In\{k} is belowγk or the setγj ∩ [0, U In\{k}] is belowγk for everyj ∈ In \ {k}.

The analytical definition ofU , as well as its simplification, and algebraic realisation of condition(Ck) are left
to the next section. We shall see in§5 thatU is an ultimate upper bound for every solutionx(t) of (1.1) in intIRn

+,
i.e. limt→∞xi(t) ≤ Ui for all i ∈ In. Moreover, condition(Ck) will guarantee the existence of someδ > 0 such
that every solution of(1.1) in intIRn

+ satisfieslimt→∞xk(t) ≥ δ. Most importantly, the following theorem holds.

Theorem 2.1 Assume that(Ck) holds for allk ∈ In. Then(1.1) has a unique equilibriumx∗ ∈ intIRn
+ that

is a global attractor. Moreover, the inequalityx∗ ≤ U holds.

Remark 2.2 It is shown in [7] that(1.2) for all i ∈ In implies (1.3) for all i, j ∈ In with i 6= j. It is also
shown that(1.3) for all i, j ∈ In with i 6= j is equivalent to thatγj∩[0, Y In\{k}] is belowγk for all j, k ∈ In with
j 6= k. SinceU ≤ Y , (1.3) for all i, j ∈ In with i 6= j implies condition(Ck) for all k ∈ In. Therefore, theorem
2.1 incorporates the known results using(1.2) and(1.3) as special instances. The example below satisfies(Ck)
for all k ∈ In but does not satisfy(1.3) for somei, j ∈ In. Hence, theorem 2.1 applies to a broader class of
systems than the known results do.

Example 2.3 Consider system(1.1) with n = 3 and a11 a12 a13

a21 a22 a23

a31 a32 a33

 =

 2.1 1.9 1.9
1 3 1
1 1 3

 . (2.4)
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Figure 2.1.U I3\{i} is belowγi for i ∈ I3, butγ3 ∩ [0, Y {2,3}] does not belowγ1.

Then aii > aji holds for i, j ∈ I3 with i 6= j so Y {i} is below γj for all i, j ∈ I3 with i 6= j. Since
γ1 ∩ γ2 ∩ π3 = {(0.25, 0.25, 0)T }, γ1 ∩ π2 ∩ γ3 = {(0.25, 0, 0.25)T }, π1 ∩ γ2 ∩ γ3 = {(0, 0.25, 0.25)T }
and (∩j∈I3\{i}γj) ∩ πi is below γi for i ∈ I3, by definition we haveU = (0.25, 0.25, 0.25)T . Note that
αiU

I3\{i} < 1, so (Ci) holds, for all i ∈ I3 (see Figure 2.1). By theorem 2.1,γ1 ∩ γ2 ∩ γ3 = {x∗} with
Ui ≥ x∗i > 0 for i ∈ I3 andx∗ is a global attractor. Indeed,x∗ = ( 1

23 , 11
46 , 11

46 )T . On the other hand, however, for
Y = ( 10

21 , 1
3 , 1

3 )T , we have(0, 1
3 , 11

57 )T ∈ γ1 ∩ [0, Y {2,3}] but (0, 1
3 , 11

57 )T is belowγ3. So(1.3) does not hold for
somei, j ∈ I3.

Corollary 2.4 Assume that(Ck) holds for all k ∈ In. Then, for each nonempty setJ ⊂ In, (∩j∈Jγj) ∩
(∩`∈In\Jπ`) = {uJ} with Uj ≥ (uJ)j > 0 for j ∈ J such that every solution of(1.1) with xj(0) > 0 for j ∈ J
andx`(0) = 0 for ` ∈ In \ J satisfieslimt→∞ x(t) = uJ . Moreover,(1.1) has2n equilibria in IRn

+.

P r o o f. WhenJ = {i} for somei ∈ In, (1.1) on ∩k∈In\{i}πk is equivalent tox′i = bixi(1 − aiixi) so
uJ = Y {i} meets the requirement. Note that theorem 2.1 can be applied to(1.1) with n > 1. Then, if |J | > 1,
the conclusion about the requireduJ follows from the application of theorem 2.1 to the|J |-dimensional system
(1.1) on∩`∈In\Jπ`. Clearly,uJ is the unique equilibrium of(1.1) in ∩`∈In\Jπ` satisfying(uJ)j > 0 for j ∈ J .
SinceIn has2n − 1 nonempty subsets and the origin is also an equilibrium,(1.1) has2n equilibria inIRn

+.

We have mentioned earlier that condition(Ck), for any particulark ∈ In, will secure the survival of thekth
species. Bearing this in mind and applying condition(Ck) to some of the indices (not necessarily all), we have
the following.

Theorem 2.5 Assume that condition(Ck) holds for allk ∈ J ⊂ In (J 6= ∅). Then(∩j∈Jγj)∩(∩k∈In\Jπk) =
{x∗} with 0 < x∗j ≤ Uj for j ∈ J . In addition, ifx∗ is onγk for everyk ∈ In \ J , thenx∗ is a global attractor.
Moreover, the conclusion still holds if “x∗ is onγk” is replaced by “x∗ is on or aboveγk” when U is replaced
byY .

Remark 2.6 Theorem 2.1 is the extreme case of theorem 2.5 whenJ = In. WhenJ = In−1, Ahmad and
Lazer [1] obtained the same conclusion under the assumptions that(i) (1.2) holds for alli ∈ In−1, (ii) αnx∗ > 1
and(iii) det(aij)n×n > 0. Later in [2, 3] it was pointed out that the above condition(iii) is redundant. From
remark 2.2 we know that, for anyi ∈ In, (1.2) implies(1.3) for all j 6= i, which ensures condition(Ci) with the
replacement ofU by Y . Thus, the result in [1] under the assumptions(i) and(ii) is covered by theorem 2.5 as a
special case.

Example 2.7 Consider system(1.1) with n = 4 and
a11 a12 a13 a14

a21 a22 a23 a24

a31 a32 a33 a34

a41 a42 a43 a44

 =


5/2 3/2 1 3/2
1 3 1 1
2 2 2 2
2 2 1 3

 .

ThenY = ( 2
5 , 1

3 , 1
2 , 1

3 )T . Clearly,Y {i} is belowγj for everyj ∈ I4 \ {i} asaii > aji. To calculateU1, we find
all the possible intersection points ofγ1 with γj (j 6= 1) onπ2 ∩ π3, π2 ∩ π4 andπ3 ∩ π4 and find the maximum
of thex1 values of these points. Onπ3 ∩ π4, γ1 intersectsγj at ( 1

4 , 1
4 , 0, 0)T for all j ∈ I4 \ {1}. Onπ2 ∩ π4,
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4 Z. Hou: Global attractor in LV Systems

γ1 intersectsγ3 at ( 1
3 , 0, 1

6 , 0)T ; γ1 intersectsγ2 andγ4 onπ1 so these are ignored. Onπ2 ∩ π3, γ1 intersectsγ3

at ( 1
4 , 0, 0, 1

4 )T andγ4 at ( 1
3 , 0, 0, 1

9 )T ; γ1 is belowγ2. ThenU1 = max{ 1
4 , 1

3} = 1
3 . We then obtainU2 = 2

7 ,
U3 = U4 = 1

4 in the same manner. Condition(C2) holds sinceα2U
I4\{2} = U1 + U3 + U4 = 5

6 < 1. The set
[0, U I4\{1}] ∩ γ1 is a triangle with verticesP1 = (0, 2

7 , 1
4 , 3

14 )T , P2 = (0, 2
7 , 11

56 , 1
4 )T andP3 = (0, 1

4 , 1
4 , 1

4 )T .
SinceαjPi > 1 for all i ∈ I3 andj ∈ I4 \ {1}, [0, U I4\{1}] ∩ γ1 is aboveγj for everyj ∈ I4 \ {1}. Thus,
condition (C1) also holds. Thenγ1 ∩ γ2 ∩ π3 ∩ π4 = {x∗} with x∗ = ( 1

4 , 1
4 , 0, 0)T . Sinceα3x

∗ = 1 and
α4x

∗ = 1, by theorem 2.5,x∗ is a global attractor.

Another extreme case of theorem 2.5 whenJ = {k} is simplified to the corollary below.

Corollary 2.8 Assume that condition(Ck) and akk = ajk hold for somek ∈ In and all j ∈ In \ {k}.
ThenY {k} is a global attractor. The conclusion still holds ifU is replaced byY andakk = ajk is replaced by
akk ≤ ajk.

Remark 2.9 The conditions of corollary 2.8 withk = 1 and(1.4) for i, j ∈ In with i 6= j are mutually
exclusive.

If U` = 0 for somè ∈ In, from the definition ofU we make the following observations:

(i) For eachj ∈ In \ {`}, Y {`} is belowγj and everyy in γ` is on or belowγj . Hence,γj ∩ [0, U In\{`}] cannot
be belowγ` so condition(C`) does not hold.

(ii) For j ∈ In \ {`}, Y {j} ∈ γj so, by(i), Y {j} cannot be belowγ`. Thus,U In\{`} = Y In\{`}.

(iii) From lemma 5.4 given in§5 we shall see that every solution of(1.1) in intIRn
+ satisfieslimt→∞ x`(t) = 0.

Based on these observations we can redefineU In\{`} by the same definition as before except the substitution of
In \ {`} for In. Repeat this process until no more new zero components occur.

Theorem 2.10 Let J = {j1, j2, . . . , jm} ⊂ In with 1 ≤ m < n and letV be defined byV J = 0 and
V In\J ∈ [0, Y In\J ] given by the definition ofU with the replacement ofIn by In \ J . Assume that the following
hold:

(i) For each` ∈ Im, Y {j`} is belowγk and everyy in γj`
∩ (πj1 ∩ · · · ∩ πj`−1) is on or belowγk for all

k ∈ In \ {j1, j2, . . . , j`}.

(ii) For eachk ∈ In \ J , eitherV In\{k} is belowγk or γk ∩ [0, V In\{k}] is aboveγj for all j ∈ In \ (J ∪ {k}).

Then(∩j∈Jπj) ∩ (∩k∈In\Jγk) = {x∗} with 0 < x∗k ≤ Vk for k ∈ In \ J andx∗ is a global attractor.

Remark 2.11 Suppose the conditions of theorem 2.10 are met. Then, applying theorem 2.10 to(1.1) on
∩`∈Sπ` for any subsetS ⊂ J , we see that every solution of(1.1) with xk(0) > 0 for k ∈ In \ J andxj(0) ≥ 0
for j ∈ J satisfieslimt→∞ x(t) = x∗. This remark also applies to corollary 2.13.

Example 2.12 Consider system(1.1) with n = 5 and
a11 a12 a13 a14 a15

a21 a22 a23 a24 a25

a31 a32 a33 a34 a35

a41 a42 a43 a44 a45

a51 a52 a53 a54 a55

 =


2.1 1.9 1.9 0 1
1 3 1 2 0
1 1 3 1 1
3 3 3 2.1 0
4 3 3 2.5 2

 .

Sincea5j ≥ aij anda55 > ai5 for all i, j ∈ I4, Y {5} is belowγj and eachy ∈ γ5 is on or belowγj for all
j ∈ I4. Also,a4j ≥ aij anda44 > ai4 for all i, j ∈ I3, soY {4} is belowγj and eachy ∈ γ4 ∩ π5 is on or below
γj for all j ∈ I3. Now with J = {j1, j2}, j1 = 5 andj2 = 4, condition(i) of theorem 2.10 is met. Since the
entriesaij for i, j ∈ I3 are identical with those given in(2.4), from example 2.3 we obtainV = ( 1

4 , 1
4 , 1

4 , 0, 0)T

andαiV
I5\{i} < 1 for all i ∈ I5 \ J = I3. By theorem 2.10, the equilibriumx∗ = ( 1

23 , 11
46 , 11

46 , 0, 0)T is a global
attractor.

Whenn = m + 1 with In = J ∪ {k}, V In\{k} = 0 so assumption(ii) is automatically met and theorem 2.10
has the following simplified form.
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Corollary 2.13 Assume that, for each̀ ∈ In−1 and everyj ∈ In \ I`, Y {`} is belowγj and everyy in
γ` ∩ (π1 ∩ · · · ∩ π`−1) is on or belowγj . ThenY {n} is a global attractor.

Remark 2.14 The condition of corollary 2.13 is equivalent to

aj` < a``, ajj ≤ aj−1j ≤ · · · ≤ a1j , 1 ≤ ` < j ≤ n. (2.5)

Note that(1.4) and(2.5) are mutually exclusive. Thus, neither of corollary 2.13 and the result given by Zeeman
[14] is covered by the other.

Finally, we make a brief remark about the conditions of the main result given in [11]. It is assumed that, for
somer < n, (1.2) with the replacement ofn by r holds for alli ∈ Ir This implies the existence of an equilibrium
x∗ ∈ ∩j∈In\Ir

πj with x∗i > 0 for i ∈ Ir. It is also assumed thatx∗ is aboveγj for everyj ∈ In \ Ir. Then,
with another condition requiring the existence ofn− r constants satisfying an inequality, it is shown thatx∗ is a
global attractor. These conditions and those of theorems 2.5 and 2.10 are mutually independent though they have
some overlap.

3 Analytical definition of U and algebraic expression of(Ck)

The definition ofU given in§2 can be formulated as follows. For eachi ∈ In, let

Ui =


a−1

ii if aii ≤ aji or aij = 0 for somej ∈ In \ {i},
0 if aji < aii, ajk ≤ aik for all j, k ∈ In \ {i},
max

{
akj−aij

aiiakj−aijaki
: j, k ∈ In \ {i}, akj > aij

}
otherwise.

(3.1)

Remark 3.1 If condition (Ck) holds for somek ∈ In, then every equilibrium of(1.1) on πk is belowγk.
Indeed,u = 0 is obviously belowγk. Let u ∈ πk with u 6= 0 be an equilibrium. Then eitheru = Y {i} 6∈
[0, U In\{k}] for somei ∈ In \ {k} or, by the definition ofU , u ∈ γj ∩ [0, U In\{k}] for somej ∈ In \ {k}. In the
former case,Ui < a−1

ii . By (3.1), u = Y {i} is belowγ` for all ` ∈ In \ {i} sou is belowγk. In the latter case,u
is belowγk by (Ck).

In some situation,(3.1) has a simpler form. To see this, supposeY {i} is belowγj for all j ∈ In \ {i}, i.e.

aii > aji, j ∈ In \ {i}. (3.2)

For eachj ∈ In \ {i}, suppose also that either

aik ≥ ajk, k ∈ In \ {i} (3.3)

or ajj > aij andγi ∩ γj ∩ (∩`∈In\{i,j}π`) = {E(ij)} which is belowγ` for all ` ∈ In \ {i, j}. The latter can be
written

ajj > aij ,
a`i(ajj − aij) + a`j(aii − aji)

aiiajj − aijaji
< 1, ` ∈ In \ {i, j}. (3.4)

Then(3.1) can be simplified as

Ui = max
{

0,
ajj − aij

aiiajj − aijaji
: j ∈ In \ {i}, ajj > aij

}
. (3.5)

If condition (Ck) holds for allk ∈ In, then, by remark 3.1,(3.2) and(3.4) hold for all i, j ∈ In with i 6= j soU
can be defined by

Ui = max
{

ajj − aij

aiiajj − aijaji
: j ∈ In \ {i}

}
, i ∈ In. (3.6)
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6 Z. Hou: Global attractor in LV Systems

Lemma 3.2 (i) For anyJ ⊂ In with |J | > 1, condition(Ci) for all i ∈ J implies

max
{

0,
aij

ajj
(1− αjU

In\{i,j})
}

< 1− αiU
In\{i,j} (3.7)

for all i, j ∈ J with i 6= j. (ii) Conversely, for a fixedi ∈ In, (3.7) for all j ∈ In \ {i} implies condition(Ci).
(iii) Condition(Ci) holds for alli ∈ In if and only if(3.7) holds for alli, j ∈ In with i 6= j.

P r o o f. (i) SupposeαiU
In\{i,j} ≥ 1 for somei, j ∈ J with i 6= j. Then[0, U In\{i}]∩ γi ⊃ [0, U In\{i,j}]∩

γi 6= ∅. Since[0, U In\{i,j}]∩γi is aboveγj by (Ci) whereas it is belowγj by (Cj), this is impossible. Therefore,
we must have

αiU
In\{i,j} < 1, i, j ∈ J, i 6= j. (3.8)

For anyi, j ∈ J with i 6= j, we assumeIn \ {i, j} 6= ∅ as otherwise(3.7) holds obviously. If we can show that

αjU
In\{i} ≥ 1 (3.9)

for all j ∈ J \ {i}, then(3.8) and(3.9) result inγj ∩ [U In\{i,j}, U In\{i}] = {y} with yIn\{j} = U In\{i,j} and
yj = a−1

jj (1− αjU
In\{i,j}). By condition(Ci) y is belowγi, so

αiy = αiU
In\{i,j} + aija

−1
jj (1− αjU

In\{i,j}) < 1

and(3.7) follows from this and(3.8). For anyj ∈ J \ {i}, (3.9) is obvious ifUj = a−1
jj . If Uj < a−1

jj , then,

for anyk ∈ In \ {i, j}, Y {j} is belowγk by the definition ofUj . On the other hand,Y {k} is belowγj by (Cj)
and remark 3.1. Consequently,γj ∩ γk ∩ (∩`∈In\{j,k}π`) = {E(jk)}. Then(3.9) follows fromαjE

(jk) = 1 and
E(jk) ∈ [0, U In\{i}] by the definition ofU .

(ii) If αiU
In\{i} < 1 thenU In\{i} is belowγi so condition(Ci) holds. Now supposeαiU

In\{i} ≥ 1. Then,
for eachj ∈ In \ {i}, sinceαiU

In\{i,j} < 1 by (3.7), we haveUj > 0 andZ(j) ∈ [U In\{i,j}, U In\{i}] such that
αiZ

(j) = 1. It can be shown that

γi ∩ [0, U In\{i}] =
{ ∑

j∈In\{i}

djZ
(j) : dj ≥ 0,

∑
j∈In\{i}

dj = 1
}

.

Hence, to show that condition(Ci) is met, we need only verify

αmZ(j) > 1 (3.10)

for each fixedj ∈ In \ {i} and allm ∈ In \ {i}. Note thatZ(j)
j = a−1

ij (1 − αiU
In\{i,j}). It then follows from

this and(3.7) that

αjZ
(j) = αjU

In\{i,j} + ajja
−1
ij (1− αiU

In\{i,j}) > 1 (3.11)

for all j ∈ In \ {i}. For anym ∈ In \ {i, j}, if amj = 0 thenαmZ(j) = αmU In\{i} ≥ αmZ(m) > 1 by

(3.11). If amj > 0 andUm = a−1
mm, we also haveαmZ(j) ≥ ammUm + amjZ

(j)
j > ammUm = 1. Since

amj = 0 impliesUm = a−1
mm, we have actually verified(3.10) whenUm = a−1

mm. So our remaining task is to
show(3.10) under the assumptionUm < a−1

mm, which impliesamm > akm andamk > 0 for all k ∈ In \ {m}
by the definition ofUm.

(A) SupposeIn 6= {i, j, m}. Then, fork ∈ In \ {i, j, m}, we have either0 < akk ≤ amk or 0 < amk < akk.
In the former case,Uk = a−1

kk so αmZ(j) > amkUk ≥ 1. In the latter case,γm ∩ γk ∩ (∩`∈In\{m,k}π`) =
{E(mk)}. SinceE(mk) ≤ U{m,k} andαmE(mk) = 1, we haveαmZ(j) > αmU{m,k} ≥ αmE(mk) = 1.

(B) SupposeIn = {i, j, m}. SinceαjU
In\{i} = ajjUj + ajmUm ≥ αjZ

(j) > 1 by (3.11) andajjUj ≤ 1,
we must haveajmUm > 0 soamm > ajm > 0. If amj ≥ ajj thenαmZ(j) ≥ αjZ

(j) > 1. Otherwise, we have
ajj > amj > 0 soγj ∩ γm ∩ πi = {E(jm)} with

(E(jm)
j , E(jm)

m ) =
(

amm − ajm

ajjamm − ajmamj
,

ajj − amj

ajjamm − ajmamj

)
.
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By the definition ofU we haveE(jm) ≤ U{j,m}. SinceE
(jm)
m ≤ Um is equivalent toa−1

jj (1 − ajmUm) ≥
a−1

mj(1− ammUm) and(3.11) givesa−1
ij (1− aimUm) > a−1

jj (1− ajmUm), from these we obtain

αmZ(j) = ammUm + amja
−1
ij (1− aimUm)

> ammUm + amja
−1
mj(1− ammUm)

= 1.

Therefore,(3.10) holds for allm ∈ In \ {i}.
(iii) This follows from(i) and(ii).

4 Restatement of the main results

With the preparation in§3 we are now in a position to restate the theorems and corollaries given in§2.

Theorem 4.1 Assume that(1.1) satisfies(3.2), (3.4) and(3.7) for all i, j ∈ In with i 6= j, whereU is given
by (3.6). Then(1.1) has an equilibriumx∗ ∈ intIRn

+ with x∗ ≤ U that is a global attractor.

Corollary 4.2 Under the conditions of theorem 4.1, for each nonempty setJ ⊂ In, (1.1) has an equilibrium

xJ ∈ [0, UJ ] with (xJ)i > 0 for i ∈ J that is a global attractor within the interior of∩`∈In\Jπ` viewed asIR|J|
+ .

Moreover,(1.1) has2n equilibria in IRn
+.

From lemma 3.2 we see that the conditions of theorem 4.3 and corollary 4.4 given below are slightly stronger
than those of theorem 2.5 and corollary 2.8 respectively.

Theorem 4.3 LetJ ⊂ In with J 6= ∅. Assume that(3.7) holds for eachi ∈ J and everyj ∈ In \ {i}, where
each componentUi of U is defined either by(3.1) or, if (3.2) and(3.4) holds for allj ∈ In \ {i}, by(3.6). Then
(1.1) has an equilibriumx∗ ∈ [0, UJ ] with x∗j > 0 for j ∈ J . In addition, ifαjx

∗ = 1 for all j ∈ In \ J , then
x∗ is a global attractor. Moreover, “αjx

∗ = 1” can be relaxed to “αjx
∗ ≥ 1” when U is replaced byY given

by (2.1).
Corollary 4.4 Assume that(3.7) andaii = aji hold for somei ∈ In and all j ∈ In \ {i}, whereU is defined

by (3.1). ThenY {i} is a global attractor of(1.1). Moreover, “aii = aji” can be replaced by “aii ≤ aji” if U is
replaced byY .

Theorem 4.5 Let J = {j1, j2, . . . , jm} ⊂ In with 1 ≤ m < n and letU ∈ IRn
+ be defined byUi = 0 for

i ∈ J and by(3.1), with In replaced byIn \ J , for i ∈ In \ J . Assume that

(i) for each` ∈ Im and everyj, k ∈ In \ {j1, j2, . . . , j`},

akj`
< aj`j`

, akj ≤ aj`j ; (4.1)

(ii) for all i, j ∈ In \ J with i 6= j (if n > m + 1),

max
{

0,
aij

ajj
(1− αjU

(In\J)\{i,j})
}

< 1− αiU
(In\J)\{i,j}. (4.2)

Then(1.1) has an equilibriumx∗ ∈ [0, U In\J ] with x∗j > 0 for j ∈ In \ J that is a global attractor.

Corollary 4.6 Assume that(1.1) satisfies(2.5). ThenY {n} is a global attractor.

Remark 4.7 By remark 3.1 and theorem 2.1, we are tempted to make the following conjecture as an improve-
ment of theorem 2.1:

System(1.1) has an equilibriumx∗ ∈ intIRn
+ that is a global attractor if, for eachi ∈ In, every

equilibrium of(1.1) onπi is belowγi.

This is obviously true whenn = 2. Whenn = 3, the condition ensures that eachY {i} is a local repellor and,
by lemma 5.1 given in the next section,γ1 ∩ γ2 ∩ γ3 = {x∗} ⊂ intIR3

+. Then, by a result given in [4],x∗ is
a global attractor. Hence, it is fairly reasonable to make the above conjecture for generaln-dimensional system
(1.1). However, further investigation is needed to clarify it.

Copyright line will be provided by the publisher



8 Z. Hou: Global attractor in LV Systems

�
�

�
�

�
�

�
�

S
S

S
S

S
S

HH
HHH

HHHH

v∗ w∗ u(δ1)
π`

u∗

πk+1

γk+1

γ`x∗

Figure 5.1

S

5 The proofs of theorems 2.5 and 2.10

The method of ultimate contracting cells (see [8, Theorem 2] or [9, Lemma 1]) will be used in the proofs of the
theorems though it is not explicitly stated here. Our first lemma establishes the existence of a unique equilibrium
x∗ ∈ intIRn

+ under conditions weaker than(Ck) for all k ∈ In.

Lemma 5.1 Assume that, for eachi ∈ In, every equilibrium of(1.1) onπi is belowγi. Then there is a unique
equilibriumx∗ ∈ intIRn

+ with x∗ ≤ Y .

P r o o f. Denoting the statement of lemma 5.1 byP (n), we show the truth ofP (n) by induction. The truth of
P (n) is trivial for n = 1 andn = 2. Supposing thatP (n) is true for somek ≥ 2 and alln ∈ Ik, we now show
the truth ofP (k + 1).

By the assumption, for eachi ∈ Ik+1, every equilibrium of(1.1) on πi is belowγi. In particular, for each
i ∈ Ik, every equilibrium of(1.1) onπi ∩πk+1 is belowγi andγk+1. Viewing (1.1) onπk+1 as ak-dimensional
system onIRk

+ and using the truth ofP (k), we have a unique equilibriumu∗ of (1.1) on πk+1 satisfying0 <

u∗i ≤ a−1
ii for i ∈ Ik. This implies that the solution of the system

αiu = 1, i ∈ Ik

can be writtenu(δ) with u(0) = u∗, uk+1(δ) = δ andu(δ)− u∗ is linear inδ. Thus,u(δ) ∈ intIRk+1
+ holds for

sufficiently smallδ > 0.
(i) If u(a−1

k+1k+1) ∈ intIRk+1
+ thenu(δ) ∈ intIRk+1

+ for all δ ∈ (0, a−1
k+1k+1] and

αk+1u(a−1
k+1k+1) ≥ ak+1k+1a

−1
k+1k+1 = 1.

As αk+1u(0) = αk+1u
∗ < 1 by the assumption, there is aδ0 ∈ (0, a−1

k+1k+1] such thatαk+1u(δ0) = 1. Then

u(δ0) ∈ intIRk+1
+ is the required equilibrium.

(ii) If u(a−1
k+1k+1) 6∈ intIRk+1

+ , then there is aδ1 ∈ (0, a−1
k+1k+1] such thatu(δ) ∈ intIRk+1

+ for all δ ∈ (0, δ1)
butu`(δ1) = 0 for somè ∈ Ik. Thus∩i∈Ik

γi is a line segment joiningu∗ with u(δ1). Again, by the assumption
and the truth ofP (k − 1) andP (k), (1.1) has a unique equilibriumv∗ on π` ∩ πk+1 satisfying0 < v∗i ≤ a−1

ii

for i ∈ Ik \ {`} and a unique equilibriumw∗ on π` with 0 < w∗
j ≤ a−1

jj for j ∈ Ik+1 \ {`}. Consequently, the
setS = ∩i∈Ik\{`}γi is a two-dimensional plane and∩i∈Ik+1\{`}γi is a line segment starting fromw∗ on S (see
Figure 5.1). Note thatS ∩ π` is a line segment containingv∗, w∗ andu(δ1), andS ∩ πk+1 is a line segment
containingv∗ andu∗. Sincev∗ is below bothγ` andγk+1, u∗ is belowγk+1 andw∗ is belowγ`, we must have
γ` ∩ γk+1 ∩ S = {x∗} ⊂ intIRn

+ with x∗ the required equilibrium.
Therefore, we have shown the truth ofP (k + 1) whenP (n) is true for alln ∈ Ik. By induction,P (n) is true

for all n ≥ 1.

The next lemma gives an ultimate upper bound of any solution of(1.1) in terms of a given ultimate lower
bound (see [7, Lemma 3.2]).

Lemma 5.2 Let x̂ ∈ IRn
+ satisfyx̂i = 0 if αix̂ > 1 for anyi ∈ In and letŷ ∈ IRn

+ be given by

ŷj = max{0, x̂j + a−1
jj (1− αj x̂)}, j ∈ In. (5.1)

If a solution of(1.1) in intIRn
+ satisfieslimt→∞x(t) ≥ x̂, then it also satisfieslimt→∞x(t) ≤ ŷ.
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However, we shall need a refined ultimate upper bound based on(5.1). For the abovêx and somej ∈ In, if
we know thatxj(t) → x̂j ast →∞, then we takêyj = x̂j rather than(5.1). Now for ŷ ≥ x̂ with ŷj = x̂j or ŷj

given by(5.1) for eachj ∈ In, let J0 = {i ∈ In : x̂i < ŷi} and definêz ∈ [x̂, ŷ] by (5.2) for eachi ∈ In,

ẑi =



ŷi if J0 = {i} or i 6∈ J0 or, for somej ∈ J0 \ {i},
aij = 0 or αj x̂

In\{i} + ajiŷi ≥ 1;
x̂i if i ∈ J0 6= {i}, αj x̂

In\{i} + ajiŷi < 1 andαjy ≤ 1
for all y ∈ γi ∩ [x̂, ŷ] andj ∈ J0 \ {i};

max{u(ijk)
i : γi ∩ γk ∩ [x̂, H(ij)] = {u(ijk)}, j, k ∈ J0 \ {i}}

otherwise,

(5.2)

whereH(ij) = x̂In\{i,j} + ŷ{i,j}.

Lemma 5.3 Assume that a solutionx(t) of (1.1) in intIRn
+ satisfies

x̂ ≤ limt→∞x(t) ≤ limt→∞x(t) ≤ ŷ

for somex̂, ŷ ∈ intIRn
+, where, for anyi, j ∈ In, x̂i = 0 if αix̂ > 1 and ŷj is given by(5.1) if ŷj > x̂j . Then, for

ẑ ≥ ŷ defined by(5.2), x(t) also satisfieslimt→∞x(t) ≤ ẑ.

P r o o f. We only need to showlimt→∞xi(t) ≤ ẑi if ẑi < ŷi for a fixedi ∈ In. This can be achieved by
showing that, for everyr0 ∈ (ẑi, ŷi], there is anr1 ∈ [ẑi, r0) such that

limt→∞xi(t) ≤ r0 (5.3)

implies

limt→∞xi(t) ≤ r1. (5.4)

From ẑi < ŷi and(5.2) we know thati ∈ J0 6= {i}, aij > 0 andαj x̂
In\{i} + ajiŷi < 1, i.e. x̂In\{i} + ŷ{i} is

belowγj , for all j ∈ J0 \ {i}. By (5.1), x̂In\{k} + ŷ{k} is onγk for all k ∈ J0. Thus, for eachj ∈ J0 \ {i},
H(ij) = x̂In\{i,j} + ŷ{i,j} is on or aboveγj andx̂In\{i} + ŷ{i} is belowγk for everyk ∈ J0 \ {i}. Now suppose
(5.3) holds. The line segmentLr0 = {x ∈ [x̂,H(ij)] : xi = r0} must intersect a planeγk for somek ∈ J0 \ {i}
atQ(j) (see Figure 5.2) such thatQ

(j)
i = r0, Q

(j)
` = x̂` for ` ∈ In \ {i, j} and

Q
(j)
j = min{a−1

`j (1− α`x̂
In\{i,j} − a`ir0) : ` ∈ J0 \ {i}, a`j 6= 0}.

By the definition ofẑi andr0 > ẑi, we see thatQ(j)
j > x̂j andQ(j) is aboveγi but on or belowγ` for every

` ∈ J0 \ {i}. Putγ(ε) = {x ∈ IRn
+ : βx = ε}, whereβ = (β1, β2, . . . , βn) with βj = 0 for j ∈ {i} ∪ (In \ J0)

and

βj =
(Q(j)

j − x̂j)−1

1 +
∑

`∈J0\{i}(Q
(`)
` − x̂`)−1x̂`

for j ∈ J0 \ {i}. Then thexi-axis is below and parallel to the planeγ(ε) for eachε > 0, [x̂, x̂In\{i} + ŷ{i}] is
below and parallel toγ(1), andQ(j) is onγ(1) for j ∈ J0 \ {i}. Moreover, for anyε ∈ (βx̂, 1), the set

A(ε) = {x ∈ [x̂, ŷ] : xi ≤ r0, βx ≤ ε} (5.5)

is belowγj for everyj ∈ J0 \ {i}. We now show the inequality

limt→∞βx(t) ≥ 1 (5.6)

by assuming its falsity, i.e.limt→∞βx(t) = δ for someδ < 1. Then there is a sequence{tm} satisfyingtm →∞
asm → ∞ andβx(tm) < (1 + δ)/2 for all m ≥ 1. Sincelimt→∞ x`(t) = x̂` for ` ∈ In \ J0, (5.3) holds and
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A( 1+δ
2 ) given by(5.5) is a closed set, we can assume the existence ofT > 0, [x̃, ỹ] ⊇ [x̂, ŷ] andr̃0 > r0 such

thatx(t) ∈ [x̃, ỹ] andxi(t) ≤ r̃0 for all t ≥ T and the set

Ã((1 + δ)/2) = {x ∈ [x̃, ỹ] : xi ≤ r̃0, βx ≤ (1 + δ)/2}

is belowγj for all j ∈ J0 \ {i}. Thus, for anyt ≥ T , x(t) ∈ Ã( 1+δ
2 ) implies βx′(t) > 0. Without loss of

generality, we may also assume thatx(tm) ∈ Ã( 1+δ
2 ), so thatβx′(tm) > 0, for all m ≥ 1. Then, for each

m ≥ 1, βx(t) is increasing fort ≥ tm as long asx(t) ∈ Ã( 1+δ
2 ). This, together withβx(tm) < (1 + δ)/2 for

all m ≥ 1, results inx(t) ∈ Ã( 1+δ
2 ) for all t ≥ t1. By the closeness of̃A( 1+δ

2 ) there is anε ∈ (0, 1) such that
αjx ≤ ε for all x ∈ Ã( 1+δ

2 ) andj ∈ J0 \ {i}. Hence, from(1.1),

xj(t) ≥ xj(t1)ebj(1−ε)(t−t1)

for t ≥ t1 and j ∈ J0 \ {i}. This leads toβx(t) → ∞ as t → ∞, a contradiction tolimt→∞βx(t) = δ.
Therefore, we must have(5.6).

Note that, for eachj ∈ J0 \ {i}, γ(1) ∩ [x̂, H(ij)] is a line segment parallel to[x̂, x̂In\{i} + ŷ{i}] andQ(j) is
on it. So we letγi ∩ γ(1)∩ [x̂,H(ij)] = {P (j)} or, if it is empty, letγ(1)∩ [x̂, x̂In\{j} + ŷ{j}] = {P (j)}, and let

r1 = max{P (j)
i : j ∈ J0 \ {i}}.

Thenr1 ∈ [ẑi, r0) as eachQ(j) is aboveγi. We observe that the closed setS(η) = {x ∈ [x̂, ŷ] : xi ≥ η, βx ≥ 1}
is aboveγi for everyη > r1. Then, from this observation and(5.6) we see thatx(t) satisfiesxi(t) < η for each
η > r1 and all sufficiently larget. Thus(5.4) holds.

From lemmas 5.2 and 5.3 we obtain an ultimate upper bound for all solutions of(1.1) in intIRn
+.

Lemma 5.4 Every solution of(1.1) in intIRn
+ satisfies

limt→∞x(t) ≤ U

for U given by(3.1). If Uj1 = 0 for somej1 ∈ In, then there existsJ = {j1, j2, . . . , jm} ⊂ In with 1 ≤ m < n
such that(4.1) holds for each̀ ∈ Im and everyj, k ∈ In \ {j1, j2, . . . , j`}. Moreover, every solution of(1.1) in
intIRn

+ satisfies

limt→∞x(t) ≤ V,

whereVk = 0 for k ∈ J andVi ∈ (0, a−1
ii ] is given by(3.1) with the replacement ofIn by In \ J for i ∈ In \ J .
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P r o o f. By lemma 5.2, every solution of(1.1) in intIRn
+ satisfies

0 = x̂ ≤ limt→∞x(t) ≤ limt→∞x(t) ≤ ŷ = Y.

Note thatẑ given by(5.2) with [x̂, ŷ] = [0, Y ] coincides withU defined by(3.1). Then, by lemma 5.3, every
solution of(1.1) in intIRn

+ satisfies

0 = x̂ ≤ limt→∞x(t) ≤ limt→∞x(t) ≤ ẑ (5.7)

with ẑ = U . If Uj1 = 0 for somej1 ∈ In, then, withJ = {j1}, (4.1) follows from (3.1) for ` = 1 and all
j, k ∈ In \ {j1}. From the observation(ii) made before theorem 2.10 we know thatU = Y In\{J1}. Applying
lemma 5.3 again with[x̂, ŷ] = [0, Y In\{j1}], we see that every solution of(1.1) in intIRn

+ satisfies(5.7) with ẑ
given by(5.2). Note that, for eachj ∈ In \ {j1}, ẑj coincides withUj given by(3.1) after the replacement of
In by In \ {j1}. If ẑj > 0 for all j 6= j1, then the conclusion follows withJ = {j1} andV = ẑ. Otherwise, if
ẑj2 = Uj2 = 0 for somej2 ∈ In \ {j1}, the conclusion follows from repeating the above process a number of
times.

The next lemma gives a refined ultimate lower bound based on the given ultimate lower and upper bounds. In
particular, it confirms that condition(Ck) guarantees the survival of thekth species.

Lemma 5.5 Assume that every solution of(1.1) in intIRn
+ satisfies

x̂ ≤ limt→∞x(t) ≤ limt→∞x(t) ≤ û (5.8)

for somex̂, û ∈ IRn
+. Assume also that, for somei ∈ J1 = {j ∈ In : ûj > x̂j} 6= ∅, either(A) x̂{i} + ûIn\{i}

is belowγi or (B) x̂ is belowγi but γi ∩ [x̂, x̂{i} + ûIn\{i}] is aboveγj for everyj ∈ J1 \ {i}. Then there is a
δ0 > 0 such that

limt→∞xi(t) ≥ x̂i + δ0. (5.9)

P r o o f. Under(A) and(5.8) we show that

δ0 = a−1
ii (1− aiix̂i − αiû

In\{i})

meets the requirement of(5.9). In fact, δ0 > 0 since x̂{i} + ûIn\{i} is below γi. Moreover, for arbitrary
δ ∈ (0, δ0), we haveαiû

In\{i} + aii(δ0 + x̂i) = 1 and αiû
In\{i} + aii(δ + x̂i) < 1. For each solution

of (1.1) in intIRn
+, sincelimt→∞x(t)In\{i} ≤ ûIn\{i} by (5.8), there is at0 > 0 and ε ∈ (0, 1) such that

αix(t)In\{i} + aii(δ + x̂i) ≤ ε < 1 for all t ≥ t0. If xi(t) ≤ x̂i + δ holds for allt ≥ t0 then

αix(t) ≤ αix(t)In\{i} + aii(δ + x̂i) ≤ ε < 1

for t ≥ t0, soxi(t) ≥ xi(t0)ebi(1−ε)(t−t0) → ∞ ast → ∞. This is impossible. Sincexi(t̄) ≤ x̂i + δ for any
t̄ ≥ t0 implies the increase ofxi for t at the vicinity oft̄, there must be at1 > t0 such thatxi(t) > x̂i + δ for all
t ≥ t1. Thus,limt→∞xi(t) ≥ x̂i + δ. Then(5.9) follows from this and the arbitrariness ofδ ∈ (0, δ0).

Under(5.8) and(B), the proof of [7, Lemma 3.3] can be copied to here almost verbatim after the replacement
of [x̂, ŷ] by [x̂, û].

With the above preparation we are now able to embark on the proofs of the theorems.

Proof of theorem 2.5. Fork ∈ J , since condition(Ck) holds, by remark 3.1 every equilibrium of(1.1) on
πk ∩ (∩j∈In\Jπj) is belowγk. Restricting(1.1) to∩j∈In\Jπj and applying lemma 5.1 to it, we obtain a unique
equilibrium x∗ on ∩j∈In\Jπj satisfying0 < x∗k ≤ a−1

kk for k ∈ J . By lemma 5.4, every solution of(1.1) in
intIRn

+ satisfies

0 ≤ limt→∞x(t) ≤ limt→∞x(t) ≤ U ≤ Y. (5.10)
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Since condition(Ck) holds for allk ∈ J , by lemma 5.5 there is aδ ∈ (0, 1] such that every solution of(1.1) in
intIRn

+ satisfieslimt→∞x(t) ≥ δx∗. Let δ0 be the supremum of suchδ. Then, by lemma 5.2, every solution of
(1.1) in intIRn

+ satisfies

δ0x
∗ = x̂ ≤ limt→∞x(t) ≤ limt→∞x(t) ≤ ŷ,

whereŷ is given by(5.1). By the assumption,x∗ is onγj for everyj ∈ In. Hence,̂x = x∗ = ŷ, sox∗ is a global
attractor, ifδ0 = 1.

Now supposeδ0 < 1. By lemma 5.3, every solution of(1.1) in intIRn
+ satisfies

x̂ ≤ limt→∞x(t) ≤ limt→∞x(t) ≤ ẑ,

whereẑ is given by(5.2). For eachk ∈ J , sinceαkx̂ = δ0αkx∗ = δ0 < 1, if we can show that

αjy > 1, j ∈ In \ {k} (5.11)

whenevery ∈ [x̂, x̂{k}+ẑIn\{k}]∩γk 6= ∅, by lemma 5.5 again we havelimt→∞x(t) ≥ δx∗ for someδ ∈ (δ0, 1],
which contradicts the definition ofδ0. This contradiction shows thatδ0 = 1.

To prove(5.11) we introduce an affine mappingf : [0, Y ] → [0, Y ] defined byf(x) = x̂ + (1− δ0)x. Then
f(0) = x̂ and, for eachi ∈ In, fi(Y ) = x̂i+(1−δ0)Yi = x̂i+(1−αix̂)a−1

ii = ŷi > x̂i. Thus,f([0, Y ]) = [x̂, ŷ]
and, for anyS ⊂ In,

f([0, Y S ]) = [x̂, x̂In\S + ŷS ].

Next we check thatf(U) = ẑ so thatF ([0, U ]) = [x̂, ẑ] and, for anyS ⊂ In,

f([0, US ]) = [x̂, x̂In\S + ẑS ]. (5.12)

For this purpose, we note thatx∗ ∈ ∩i∈Inγi by the assumption andf(x∗) = x̂ + (1 − δ0)x∗ = x∗. For each
y ∈ [0, Y ] \ {x∗}, f(y) = δ0x

∗ + (1 − δ0)y is on the line segmentyx∗. Thus,f(γi ∩ [0, Y ]) = γi ∩ [x̂, ŷ]
for all i ∈ In. For any fixedi ∈ In, if Ui = a−1

ii then, by(3.1), aij = 0 or Y {i} is not belowγj , so
f(Y {i}) = x̂+(1− δ0)Y {i} = x̂In\{i} + ŷ{i} is not belowγj , for somej ∈ In \ {i}. By (5.2) we havêzi = ŷi.
Therefore,fi(U) = fi(Y {i}) = ŷi = ẑi. If Ui = 0, thenY {i} is belowγj and everyy ∈ γi is on or belowγj for
all j ∈ In \ {i}. Sox̂In\{i} + ŷ{i}, which is onγi, is belowγj and everyy ∈ γi ∩ [x̂, ŷ] is on or belowγj for all
j ∈ In \ {i}. By (5.2) again,ẑi = x̂i. Hence,fi(U) = fi(0) = x̂i = ẑi. Now suppose0 < Ui < a−1

ii . From
(3.1) we haveaii > aki andaij < akj for somek, j ∈ In \ {i}. Thenγi ∩ γk ∩ [0, Y {i,j}] consists of a single
point having

akj − aij

aiiakj − aijaki

as itsith coordinate. Sincex ∈ γi ∩ γk ∩ [0, Y {i,j}] if and only if f(x) = y ∈ γi ∩ γk ∩ [x̂, x̂In\{i,j} + ŷ{i,j}]
andαix̂ = δ0 = αkx̂, by a routine check we see thatγi ∩ γk ∩ [x̂, x̂In\{i,j} + ŷ{i,j}] also consists of a single
pointu(ijk) with

u
(ijk)
i = x̂i + (1− δ0)

akj − aij

aiiakj − aijaki
.

From(3.1) and(5.2) we obtain

fi(U) = x̂i + (1− δ0) max
{

akj − aij

aiiakj − aijaki
: k, j ∈ In \ {i}, akj > aij

}
= max{u(ijk)

i : k, j ∈ In \ {i}, akj > aij}
= ẑi.
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Therefore,f(U) = ẑ. Now that(5.12) is derived fromf(U) = ẑ, we must have

f([0, U In\{k}] ∩ γk) = [x̂, x̂{k} + ẑIn\{k}] ∩ γk.

Then, fory ∈ [x̂, x̂{k} + ẑIn\{k}] ∩ γk 6= ∅, there is a uniquex ∈ [0, U In\{k}] ∩ γk such thatf(x) = y. By
condition(Ck) for k ∈ J , x is aboveγj for all j ∈ In \ {k}. Thusy is aboveγj for all j ∈ In \ {k}, i.e. y
satisfies(5.11).

If Y replacesU in the conditions andαjx
∗ ≥ 1 is assumed for allj ∈ In \ J , thenf(Y ) ≥ ŷ sof([0, Y ]) ⊃

[x̂, ŷ]. The above argument is still valid after minor modifications.
Finally, thatx∗ ≤ U follows from (5.10) andlimt→∞ x(t) = x∗ for every solution of(1.1) in intIRn

+.

Proof of theorem 2.10. Whenn ≥ m + 2, by assumption(ii) and theorem 2.1 with the replacement ofIn by
In \ J we know that(1.1) has a unique equilibriumx∗ ∈ ∩j∈Jπj with 0 < x∗i ≤ Vi for i ∈ In \ J . This is also
true withx∗ = Y {k} whenIn = J ∪ {k} (i.e. n = m + 1). We next show thatx∗ is a global attractor. From
lemma 5.4 we know that every solution of(1.1) in intIRn

+ satisfies

0 = x̂ ≤ limt→∞x(t) ≤ limt→∞x(t) ≤ ẑ

with ẑ = V . Then, by(i) and(ii), for eachk ∈ In \ J , eitherV In\{k} is belowγk or γk ∩ [0, V In\{k}] is above
γj for everyj ∈ In \ {k}. Applying lemma 5.5 to(1.1) we obtain

lim
t→∞

x(t)J = 0, limt→∞xj(t) ≥ δ, j ∈ In \ J

for someδ > 0 and all solutions of(1.1) in intIRn
+. Since{x∗} is the largest invariant set of(1.1) in {y ∈ IRn

+ :
yJ = 0, yj ≥ δ, j ∈ In \ J}, x∗ must be a global attractor.
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