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Abstract

Using asymptotic theory we have demonstrated that the t-ratios (F-statistic) on 1(1)
regressors in a model with an 1(0) dependent variable (with or without additional 1(0)
regressors) converge to a random variable and not zero. Simulation results are cited
which suggests that these t- and F-statistics will exhibit spurious correlation thereby
indicating that spurious regression is more widespread than previously thought. Given
that the specification considered is of the error-correction form (under the null of no
cointegration) this spurious correlation is argued to potentially give rise to spurious
cointegration. One area for further work is to provide more simulation evidence on the
models examined here. Thiswork is underway.
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1. Introduction

Spurious regression refers to exaggerated correlation indicated by various statistics in
a (typicaly) linear regression model (LRM). This could be manifested in exaggerated
magnitudes of coefficients, overstated absolute values of t-ratios, an inflated R, a too
low regression standard error and/or excessively large F-statistics. The focus has
typically been on the appearance of correlation between independently generated
variables as indicated by t- and F-tests for zero restrictions on coefficients.? In
particular, spurious regression occurs when two or more independently generated
variables are regressed upon each other and the coefficients of the regressors are
found to be statistically significant more frequently than the specified nominal level of
significance. This will be the case if t- or Ftest statistics for zero restrictions diverge
to infinity asymptotically, because they will generally exceed (in magnitude) their
corresponding critical values.

Numerous cases where spurious regression is evident have been demonstrated in the
literature and are discussed in section 2. One case that has not been considered is for
the regression of an 1(0) process on a set of independently generated (1) regressors
(with or without an additional set of independent 1(0) explanatory variables). We
investigate whether there is spurious correlation in such models for two reasons.
Firstly, this will extend the cases where the existence of spurious regression has been
examined thereby filling this gap in the literature. Secondly, this specification may be
viewed as an error-correction model under the null hypothesis of no cointegration.
Anticipating the results of this paper, a finding of spurious significance on the (1)
regressors in such a model would be equivalent to establishing the existence of
spurious cointegration. That is, the only reason why the 1(1) regressors should be
significant is if they form a stationary linear combination and, therefore, represent an
error-correction mechanism. Through the Granger Reresentation Theorem this would
imply cointegration among the 1(1) regressors. However, if these regressors are
independently generated they should not be correlated, let aone cointegrated. Hence,
establishing spurious significance among these (1) terms would imply spurious
cointegration: finding cointegration with a greater probability than indicated by the
nominal size of the (t-) test.®> Such a finding of spurious cointegration is important
because of the widespread use of error-correction models (ECM) in the literature.

This paper is organised as follows. Section 2 reviews the literature on spurious
correlation and spurious cointegration. Section 3 derives the asymptotic results for
various statistics in regressions of an 1(0) dependent variable on (1) regressors (with
and without additional 1(0) terms). Section 4 offers some concluding remarks.

2 From the point of view of the applied econometrician it is t- and F-tests that are used to determine
whether variables are significantly correlated with the dependent variable and thus indicate whether
they should remain in the model. Hence, the emphasis is on such t- and F-statistics, rather than
particular coefficient values or even the R?, in terms of whether erroneous inferenceis being drawn.

3 Spurious cointegration could also be indicated by non-zero coefficients on the 1(1) regressors in the
models under consideration.



2. Literaturereview

Granger and Newbold (1974), Phillips (1986) and Entorf (1997)* demonstrate that
there will be spurious regression on the slope coefficients when an (1) variable is
regressed upon an intercept and a set of 1(1) variables (when al the variables are
independently generated with or without drifts) using Ordinary Least Squares (OLS).”

Nelson and Kang (1984)° and Durlauf and Phillips (1988) show that there will be
spurious correlation in OLS regressions of a random walk (with or without drift) on
an intercept and a linear time trend. Spurious correlation is also found for both slope
coefficients in the regression of a driftless random wak on an intercept, another
independent driftless random walk and a linear trend.”

When an I(2) variable is regressed on deterministic terms, a set of 1(1) series and a set
of 1(2) regressors using OL S Haldrup (1994) finds that when the error term is either
[(1) or I(2) the slope coefficients suffer from spurious regression.

Granger et al (2001) find spurious regression between two independent stationary
series that follow first-order positive autoregressions (and k™order moving average
processes).?

Kim et al (2004) find spurious correlation in the OLS regression of the two-variable
LRM involving variables generated (independently) by linear time trends with
stationary first-order autoregressive [AR(1)] errors (or first-order moving average
processes or fractionally integrated processes with the difference parameter within the
range +v5) and drifts.’

Marmol (1995 and 1996) considers the two- and three-variable LRM with the
dependent and independent variables being zero mean white noise processes after
being differenced di, d, and ds times, respectively, where di, d; and d; are strictly
positive integers.'® The slope coefficients are shown to exhibit spurious correlation.

Marmol (1998) uses asymptotic theory to consider spurious correlation in regressions
involving fractionally integrated nonstationary processes (the order of fractional
integration exceeds ¥2) and deterministic terms. The slope coefficients are al found to
be subject to spurious regression (even when a set of explanatory variables have a

* Entorf (1997) also shows that spurious regression afflicts the OLS estimator of the two-variable LRM
in apanel context (with fixed effects).

® Choi (1994), using asymptotic theory, shows that if any of the regressors are conitegrated in such
regressions then their coefficients will not suffer from spurious regression. However, the coefficients of
the non-cointegrated regressors will.

® Use of the Cochrane-Orcutt estimation procedure reduces the degree of spurious regression but does
not removeit for al regressions considered by Nelson and Kang (1984).

" An interesting result is that the slope coefficient tends to its expected population value of zero
asymptotically while itst-ratio simultaneously divergesto infinity in large samples.

8 Banerjee et al (1993) find, using Monte Carlo simulation, no spurious regression when two
independently generated and non-autocorrelated 1(0) processes are regressed upon each other in the
two-variable LRM.

® Hassler (2003) finds spurious regression in models involving stationary processes generated to allow
for time-varying means, possibly arising from structural breaks or seasonality.

19 Marmol (1995) analyses the case where all variables are integrated of the same order and Marmol
(1996) the situation where they feature different orders of integration.



lower order of integration than the dependent variable and the other independent
variables) provided the regression error term is nonstationary (its order of integration
exceeds %)

Tsay and Chung (2000) examine the possibility of spurious regression in the two-
variable LRM for combinations of fractionally integrated processes that include
nonstationary, stationary (the order of integration is in the range +%) and
deterministic processes. Spurious regression is found for regressions involving two
independent nonstationary processes and two independent stationary processes
(provided the sum of the two variables orders of integration exceeds a half). It isalso
found in the regression of a nonstationary process on an independent stationary
process with long memory (the order of integration exceeds zero),'? and vice-versa,™®
and the regression of either a nonstationary (or stationary) process on a linear time
trend.

Sun (2006) demonstrates that spurious correlation can occur in regressions involving
two stationary generalised fractionally integrated processes — in particular,
Gegenbauer processes are considered.™ It is concluded that spurious regression arises
when the sum of the processes’ generalised differencing parameter exceeds 0.5 and
their spectral densities have poles at the same location.

Hassler (1996), using asymptotic theory argues that there is no spurious significance
for the 1(0) regressors in a regression of an (1) process on a set of 1(0) variables and
(1) terms. This is based upon the result that the t-ratios on the 1(0) regressors
converge to a random variable in the probability limit. However, Stewart (2006)
argues that there may be spurious significance if the mean of this t-ratio tends to a
high value relative to the critical value. Indeed, Monte Carlo simulations show that,
when the 1(0) regressor is autocorrelated, there is significant spurious regression (the
empirical size of the t-ratio exceeds the nominal size used). Further, the degree of
spurious correlation rises as the degree of autocorrelation in the 1(0) series increases.

A review of the literature suggests that spurious regression occurs in models involving
a wide range of combinations of integrated, fractionally integrated, stationary and
deterministic variables. However, there has been no consideration of spurious
correlation using asymptotic theory in a model with an 1(0) dependent variable and a
set of 1(1) regressors (with or without a set of 1(0) explanatory factors).™ This paper
intends to provide such an analysis.

" Thisistrue for the coefficients of deterministic and non-deterministic components.

2 Tsay and Chung (2000) note that although the intercept and slope coefficient estimators may
converge in probability to zero (when the dependent variable is stationary) their corresponding t-ratios
always diverge. Hence, it is the divergence of t-ratios that is the form of spurious regression in this
case.

13 There is no spurious regression when the independent variable is a short memory stationary series
(the order of integration is between 0 and —v5).

14 A Gegenbauer process generalises the standard fractionally integrated process in that it not only
captures long-range dependence (memory), as do standard fractional process, but it can also depict
periodic cyclical patterns.

1> Banerjee et al (1993, p. 79) report a Monte Carlo simulation experiment with 100 observations and
100 replications for the regression of a stationary white noise variable on an independently generated
pure 1(1) process (that is Gaussian after first differencing) in a two-variable LRM and find the
empirical size of the t-ratio on the dope coefficient to be 0.0458 (using a 5% nominal size). Thus, there
is no evident spurious correlation. They do not consider a situation where there is autocorrelation in



Further, because an error-correction model under the null of no cointegration is a
particular case of the form of model we wish to examine spurious correlation may
also give rise to spurious cointegration. For example, Ericsson and MacKinnon (2002)
discuss atest for cointegration based upon the t-ratio (of some function) of the lagged
level of the dependent variable in such an error-correction model. This specification
has not been previously investigated in the literature on spurious cointegration. The
limited smulation evidence on such error-correction models within the context of
spurious cointegration is briefly discussed prior to consideration of the asymptotic
theory in this specification.

Using Monte Carlo simulation Franses (1990) finds evidence of spurious
cointegration in a single equation autoregressive distributed lag model between two
variables using the method discussed in Boswijk (1989).%° That is, the null of no
cointegration is rejected more frequently than it should be.'’

Leybourne and Newbold (2003) assess the reection frequencies for a similar
cointegration test, see Banerjee et al (1986), when the true DGPs are independent
integrated series with a single structural break, being either a shift in the intercept or a
shift in the slope. They find evidence of serious to severe spurious rejections of the no
cointegration null for a sizeable number of the combinations of break points in the
two series.’®

either the 1(0) or I(1) variable. Granger et al (2001, p. 901) provide simulation results (in Table 2) for
the regression of an autocorrelated stationary series (with autocorrelation coefficient equal to 0.5) on an
intercept and a pure 1(1) process. They report empirical sizes of the t-ratio on the I (1) regressor (using a
5% nominal size) as 24.8%, 26.2% and 22.8% for sample sizes of 100, 500 and 2000, respectively.
However, they do not comment on these simulation results: they are an externality in their analysis of
spurious correlation between stationary series.

1% Two data generation processes (DGPs) are considered for the difference of the dependent variable,
an AR(1) process augmented with the difference of the independent variable and a first-order moving
average process [MA(1)]. The independent variable is a pure [(1) process (that is, Gaussian after first
differencing).

" Gonzalo and Lee (1998) define spurious cointegration, within the context of the Johansen procedure,
as the LR statistics diverging to infinity with probability one — “a size pitfall”. This is distinguished
from size distortion arising from the use of incorrect critical values (for example, due to the incorrect
specification of deterministic terms in the system). They find spurious cointegration from the
Maximum Eigenvalue and Trace Likelihood Ratio (LR) tests (associated with the Johansen procedure)
for the null hypothesis of no cointegration against the aternative of one cointegrating vector in a two-
variable system when at least one series is not a pure 1(1) process. In particular, when one series is a
first-order autoregression with autocorrelation coefficient above one, when both series are generated
according to stochastic unit root processes and if at least one of the variables in the Vector Error
Correction Model (VECM) is 1(2) and there are insufficient lags. However, if the lag length of the
VECM isincreased there will only be size distortion due to the use of inappropriate critical values. For
series with fractionally integrated DGPs (with the differencing parameter greater than 0.5 and not equal
to unity) the Johansen LR-statistics exhibit large size distortions, especially when the number of lags
employed in the VECM is small — also see Gonzalo and Lee (2000). Spurious cointegration is also
demonstrated to arise if deterministic components are not appropriately accounted for in the VECM
and if the error covariance matrix of the VECM is (near) singular. The Engle and Granger (EG)
method is shown to be more far more robust than the Johansen method (in terms of size distortion) to
misspecification of the deterministic components in the model and when the processes’ true DGPs are
not 1(1). Gonzalo and Lee (1998, p. 146) suggest that if the Johansen and EG methods give different
inference in terms of cointegration then this may indicate misspecification of the series DGPs as I(1)
processes.

18 gSpurious cointegration is also found when the Engle and Granger and Johansen procedures are
applied to integrated series with a structural break. The Engle and Granger test is found to be the most



3. Asymptotic results for regressions with an 1(0) dependent variable and 1(1)
regressor s

This section produces the asymptotic results of various statistics in, first, a model with
an 1(0) dependent variable and both 1(0) and 1(1) regressors and, second, the
regression of an 1(0) variable on a set of 1(1) processes.

3.1 Regressions of an I(0) variable on 1(0) and I (1) regressors

Consider the regression of asingle [(0) variable that exhibits first-order autocorrelion
[AR(1)], Y, ,0onan m "~ 1 vector of 1(0) AR(1) processes, X, ,andan m,” 1 vector
of I(1) variables, X, , where a bar below a series denotes a vector (or matrix).*® That
is.

Yo =& +b Xy +b X, +0, (1)
with,
Yy, = Vo, )
Xy =Vy ©)
and,
Ko = X tVy (4)

where v,,, v, and v, are zero mean and 1(0) such that v,, and the series in the
vectors v, and v,, may be autocorrelated:*°

Defining,

1=

( ( 3
t :§/m!Yn Vot Q (7)

(%]

Then the partial sum process can be expressed as.

robust of the three methods in the sense that it delivers spurious rejections for the fewest number of
combinations of break points of the three tests.

 Thevectorsaredefined as X, =[X, X, o Xp ] ad X, =[Xp Xo o Xom].

: ( (
% The vectors are defined as: v, :[v]1 Vo let] and v, :[v21t Vo o vzm].



§t:ét.wj'! t::LZ,...,T (8)

Assuming the following multivariate invariance principle after normalisation:

TSP B(r), r1[01] (9)

where g((r):@O(r),gl((r),gz((r)% is a vector of Brownian motion that is

partitioned such that Bo(r),gl((r) and 52((r) correspond to v,, Vv, and v,,
respectively, and features the covariance matrix: %

W= |imT'1E§T§T‘§ (10)

T®¥

Following Hassler (1996) it is assumed that v,, v, and v, are independently

generated vectors that are ergodic as well as stationary with the following covariance
matrices:

.
plimT 4 VoVor =80, t =01 (12)
T®Y¥ t=1

. _lg ¢ o
plimT"q vV, =a,, t=01 1=12 (12
TO®Y¥ t=1 -

Now denote the variables in equation (1) in mean deviation form using lower case
letters thus:

- - 3
Yo =Yo- Yo, Yo=aYs (13)

t=1

. T
Xy = Xy = Xy, llzél

t=1

(14)

=

Xy (15)

Qo

Xy = Xy = Xy, Xz =

-
1

1

2L Assumptions on the error terms, Vg, v, and v, , to ensure that equation (9) holds are given in
Phillips and Durlauf (1986, theorem 2.1).

22 Note that equation (11) and equation (12) alow for first-order autocorrelation in the error term
series. More specific expressions for (11) and (12) (for v, and v,, ) are given as equation (A.1.6) and
(A.1.15) in the appendix.



Equation (1) can now be re-expressed as:

~ (
Yo =B, Xy

~ ( n
b Xy +Uy (16)

Similar to Hassler (1996) we collect the following results provided by Phillips (1986,
lemma 1) and Park and Phillips (1989, lemma 2.1).2

T8 %% B.Y0AB.() - Bu(r) BN = o, 4B, (17)
T ézaxa b oﬁz(r)B i - oaz(r)drogz %ryar = b, (18)
T-léT. Xa Yo P z‘ﬁz(r)dBO(r) - Bo(r):‘ﬁz(r)dr = C‘pzq;dBo (19)

Using (2), (3), (13), (14), (56) and (57), gives.*

.
plimT g y2 = plimT™? a AR P (20)
T®Y t=1 T®¥ t=1

plimT* aXant —plimT avnvlttq:—élt, t =01 (21)
T®Y¥ t=1 T®Y¥ t=1 '

2 Where the terms converge in distribution as T tends to infinity

T T _ T _
“Now 4 v2 =& (Yot - Yo)2 =ave- T(Yo) Teer - Y20 ( 05Y0)2. Using the results from
t=1 t=1 t=1 %]

Phillips (1986) and Parks and Phillips (1989) allows the probability limit to be obtained as follows:
T T

plimé y2 =TSy, - [B,@J P plimT*§ y2 =S,,. Given X, isstationary (constant mean):
t=1

1 4 ¢ v x ¢ 1w wlitx x ¢
é. Xyt Xyt (_ )(—]It - ) é. Xlt Xltt - Tllll—t - Tll—t 11 +T11—t ll-t
t=1 t=1
3 _ ¢ ¢ — —\¢ [ o— — ¢
P é. Xy Xyt :Tg} 15. lnlnt g- (TOSX )(T05 1t) - (—I-o.sll_t )(TO-Sll) +(T05£1-t )(Tosll-t)
t=1 t=1

Using the results from Phillips (1986) and Parks and Phillips (1989) allows the probability limit to be
T
obtained asfollows: plim& x,x,. *=Ts,, - B,®B, - B,®B, W +B,®B,W

t=1

P pllmT axlt -t _§lt'



It can aso be shown, assuming that v, and the series within v,, follow stationary

T
first-order autoregressions, that plimT- °5a Xy Yy = pI|mT "qVyVy =G (a

T®Y¥ t=1 t=1
derivation of this result is given in Appendix A1):*® Combmmg this with the results
provided in Phillips (1986) and Parks and Phillips (1989), gives:“®

T T
p“mT-O'Sé. X Yo = p"mT-O'Sé. Vo Vi =G (22)

T®Y¥ t=1 TO¥ t=1
Where, G is a vector of random variables with zero means and non-zero finite

variances.

Following Hassler (1996) we apply the formula for inverting partitioned matrices to
obtain the following expression for the OL S estimators for equation (16):%’

% To obtain this probability limit we derive the Iimit of, reﬁpectively, the mean and variance of

T
Tdévm\_/n. The mean is  Lim EaPT a_vOt ]I+—O d. The variance is
=1 2
o e
Lim VaraPT a_vOt ]IT—O when d <-05. For d =-0.5, L|m Varg?' avOI lt:: g
Te¥ e t=1 @
& o ,U81-r%F2u u
e 1 2§§0é1 rzflza 0 0 i
c: 1-fi g @(1' rf1) g U
e 2 u o
where, & 0 & 1 2%5981 r 23 . 0 4. This is
w=e &1 Bl
é 1 © -r ’
& 0 0 . & 208 T
g &l-fog™ a1 - rfml;z%

an extension of the results derived in Granger et al (2001, p. 901) — our extension is to allow for m,

& 0 .. Ou
o ¥ oY
1(0) regressors rather than just one. For d > - % L|m Vara? a Vg Vg = g 3 Thus,
g e e
80 0 .. ¥§

.
T'Q Vq Vv, divergesin the probability limit when d > - % . The unique value of d that yields a non-
t=1

zero and finite variance is —0.5, hence giving the exponent of T where the probability limit converges
to arandom variable (which we denote G).

q J = S J o 058 0 i S
% a Xy Yo =a (Xn = Xy \Yor - Xo): a X, Yo - TX,Y, :TOSg} **a X Yo ;' (TO'Sll)(TO'SXo)
t=1 t=1 t=1 t=1
Using the results from Phillips (1986) and Parks and Phillips (1989) allows the probability limit to be
T T
obtained asfollows: plimQ x, Yo =TG- B,()B,@) P plimT *§ x, Y, =G.
t=1 t=1

~( ~ ~
?" Defining b :bl b 2] and x, =[x, x,] which, when substituted into the OLS estimator,
e -1
~ -1 ep u 5% L
b :§t¢§t9 §t¢ym, gives éx'u= g—“ ﬂ X x2t]— X Hym . Expanding this expression
- 2 eX2t 17 e_th a
yields equation (23).

10



R éd u
éh U ga BEA XuYa(
&<ti=a ue‘-l u (23)
égzg g: Duea. Xot yOt
g o
with,
& ¢ w'g o d
%0 0 "
A=éq XXy - a. Xyt Xot Qa XX = A XXy U (24)
gt=1 t=1 €t=1 g t=1 g
1
¢ Y
B=- Aea. Xyt Xt Qa XpXy = U (25)
gt-l et=1 g g
C = B¢ (26)
-~ ¢6-lé -~ ¢0 1
D =CaA Xu Xy ~ él_mz TCaA Xo Xy ‘A(;a Xyt Xyt 'Qa Xy Xy = U (27)
et=1 g @ et=1 Pt=1 ﬂ d

where |, isan m,” m, identity matrix.
Substitution of (17), (18) and (21) into (24), after taking the probability limit, gives
(proofs of all of the following results are given in Appendix A2):
pimTA=4,, (28)
Substitution of (17), (18) and (28) into (25), yields:

01w C -1
T2Bb -4 op. 5@9292‘% (29)
Substitution of (17), (18) and (28) into (27), gives:

2 o
T°DP g“dzzbz p (30)

From (23) the coefficient vector on the I(0) variablesis.?®

% The resultsin (28), (29) and (30) are the same as those reported in Hassler (1996, p. 28, equation 7),
because x, and x,, aredefined asin his paper. However, the limiting distributions for the coefficients

11



~ g g
91 =AaA Xy Yo t BA Xz Ya (31)
t=1 t=1

Substitution of (19), (22), (28) and (29) in (31), after taking the probability limit,
yields the limiting distribution for b thus:

plimT*b =4;,G=bh, (32)

The coefficient vector gl tends to zero in the probability limit. This seems reasonable

given that it involves the regression of an 1(0) variable on a set of independently
generated 1(0) variables.

From (23) the coefficient vector on the I(1) variablesis:

-~ g g
92 =Ca Xy Yo * DA Xx Yo (33)
t=1 t=1

Substitution of (19), (22), (29) and (30) into (33), yields the limiting distribution for
b_ thus:
—2

TO, b &, %" 5 4, = b (34)
D, 222 o (2 HP0 ™22

The coefficient vector EAZ tends to zero in the limit. That is, the regression of an 1(0)

variable on a set of independently generated 1(1) variables yields a zero value for the
OLS coefficient estimator in the limit.

The residual variance is given by:?°

2

18 ~e ~ 0§
SZ =T lta:.l @m - b1 Xyt - bz l(Ztg (35)

(and other statistics) are different here from those that he reports because Yo is 1(1) in his article and
1(0) in this paper.

.
% This derives from the standard formula: s> =T*§ (2 . Asymptoticaly this is the same as the

t=1
unbiased estimator of the regression standard error.

12



Substitution of (17), (18), (19), (20), (21), (22), (32) and (34) into a rearranged form
of (35), after taking the probability limit, gives the limiting distribution of s?, thus:

plims* =4, (36)

This implies that s* converges to a constant. In particular, the variance of the
residuals converges to the variance of the demeaned dependent variable. This makes
sense given that the coefficients in (16) converge to zero in the probability limit
implying that plimy, =0, .

Following Hassler (1996) we can specify the k™ 1(0) regressor’s coefficient standard
error as.

%) =(s°A,)°, k=12..m (37)

Substitution of (28) and (36) into (37), after taking the probability limit, gives:
plimT®%s; 1 = (800)°°(8,0),° (38)

This implies that the coefficient standard errors for gl converge to zero, in the
probability limit, at rate T°°.

The t-ratio for the k™ 1(0) regressor’s coefficient is:

b}

), = (39)
R N
Substitution of (32) and (38) into (39), after taking the probability limit, gives:
[b,]
plimt. 1 =7—— i (40)
[El]k (a o,o)os(il,o)kfs

This implies that the t-ratios for the 1(0) coefficients converge to random variables, in
the probability limit.*°

% |t may seem surprising that the t-ratios of the 1(0) regressors tend to random variables in the
probability limit, given that they were all generated independently of the stationary dependent variable.
However, this result is consistent with the findings of Granger et al (2001) who find spurious
significance (with respect to the t-ratio) in the regression of autocorrelated stationary processes upon
each other in the two-variable LRM.

13



The ™ I (1) variable's coefficient standard error is:

%, :(SZDH )0'5’ j=12...m, (41)

Substitution of (30) and (36) into (41), gives.

o 5€ 205
o (ao,o)“?éf‘“dzzbf‘j § (42)

This implies that the coefficient standard errors for EAZ converge to zero, in the limit,
atrate T .

The t-ratio for the ™ (1) variable's coefficient is:

b))

tr (43)
%)
Substitution of (34) and (42) into (43), gives.
b,|.
s P B (44)

05
(&00) P08
Ujj

Thisimplies that the t-ratios for the 1(1) coefficients converge to arandom variable, in
the limit, and not zero (as one might expect of a regression of independently
generated 1(0) variables on (1) processes). Thus, there is potential for spurious
significance for these regressors, depending upon the mean value of the random
variable that the t-ratios converge to relative to their critical values — see Stewart
(2006). Indeed, such potential spurious correlation can give rise to spurious
cointegration.

The coefficient of determination is given by:

~ €8 L op 68 LR e -
b a znxfgl +2b "a X z<n¢91 +b."a z<2tz<2t¢92
RZ = t=1 t:]:r t=1 (45)

avy:
t=1

Substitution of (17), (18), (20), (21), (32) and (34) into (45), gives.

14



( (N (
Ql §1,091 +92 d?zbz 92
S0,0

TR b (46)

In the limit the coefficient of determination tends to zero at rate T . This implies that
the coefficient of determination does not exhibit spurious regression for this model
specification.

Following Hassler (1996), the F-statistics for testing the joint significance of al of the
1(0) regressors’ coefficients (H,: b =0), denoted F,, and the joint significance of

all of the I(1) variables' coefficients (H, : b , =0), denoted F,, are given below.
~( TR
b "A'b
—1 —1
s’m,

F, = (47)

Substitution of (28), (32) and (36) into (47), after taking the probability limit, yields:

(o
b, a

p|im F1 —=t—10-1 (48)

o

dooM

This implies that the F-statistic for the joint significance of all of the 1(0) regressors
coefficients converges to a random variable, in the probability limit. Therefore, there
is potential joint spurious significance for these variables.

b ‘Db
2 2 (49)

F, = m,

Substitution of (30), (34) and (36) into (49), yields:

(N (
b, @b, b,

FZ b o
a'O,Or-nZ

(50)

Equation (50) implies that the F-statistic for the joint significance of all of the 1(1)
regressors coefficients converges to a random variable, and not zero, in the limit.
Thus, this statistic features potential spurious regression.

The Durbin-Watson statistic for testing first-order autocorrelation can be expressed
as.

15



3 ~ ~ ¢ f
T A o - V0t-1)' 91¢(\_/1t - \_/n-l)' 92 tha
DW = =2 i (51)

S

@@

Substitution of (11), (12), (22), (32) and (34) into (51), with some additional
assumptions (given in the footnote), yields:

d]

0 0 zg
(52)

The Durbin-Watson statistic converges to a constant in the probability limit. Whether

it is indicative of autocorrelation depends upon the degree of autocorrelation in the
dependent variable. This can be illustrated by assuming that y,, follows a first-order

autoregressive scheme, thus:

yOt:ryOt-l+e0t’ -1<r <1 (53)

where, E(e, ) = 0; E(e%) =s 5; E(e,&,.) =0,t* s with,s=1,2,...,T.

The OLS estimator of ¥ in (53), in the probability limit, is:*

S0,1

plimr = (54)
S0,0

Substitution of (54) into (52) gives:

plimDW =2(1- F) (55)

This familiar form of DW suggests that when y,, is not autocorrelated (' =0) then

DW converges to 2 suggesting no autocorrelation in the residuals of equation (16).
However, when the dependent variable is autocorrelated (' * 0), DW may indicate

significant autocorrelation in the residuals, U, . This result arises because, given that

all of the coefficientsin regression (16) converge to zero in the probability limit (from
(32) and (34)), G, will exhibit exactly the same autocorrelation properties as vy, .

Hence the relationship between the degree of autocorrelation in y,, and DW.

From Park and Phillips (1989, Lemma 2.1, p. 99) the following can be obtained:*

d 14
a YoYo T A Vo1Vo s
%1 That is, the OLS estimator is; ' = =2 = t=2 P plimf =2,
J -1 g So 0
a y 1 T7aQ Vo-1Vor-1 '
t=2 t=2
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T%Yo b B, (1) (56)

T**X, P B,(D) (57)
Tﬁ&pémw:@z (58)

The formulafor the OLS estimator of the intercept in (1) is.

d=Yo-b X,-b X, (59)

Substitution of (32), (34), (56), (57) and (58) into (59), gives.
T4 b By(1)- b, (B (60)

The OLS estimator for the intercept converges to zero at rate T°°.

In summary, for the regression of an autocorrelated stationary variable on the set of
1(O) regressors and a set of 1(1) variables we find the following. The statistics, 9 b

and R? do not exhibit spurious correlation. That is, the coefficients on both 1(0) and
1(1) regressors and the coefficient of determination al converge to zero in the
probability limit. In contrast, there is potential spurious significance for the statistics

tID , t, , Fyand F,. In other words, the t-ratios on the 1(0) and 1(1) variables, the F

test for the joint significance of the I(0) regressors and the F-test for the joint
significance of the 1(1) regressors tend to random variables in the probability limit.
Monte Carlo simulations may be employed to determine whether, and the extent to
which, these statistics exhibit spurious correlation. It is also evident that the Durbin-
Watson statistic will only indicate autocorrelation when the dependent variable is
autocorrelated.®

% park and Phillips (1989, Lemma 2.1, p. 99) demonstrate that: plimT" Osé X, =B, ad

T® ¥
1

pIimT'l'Sé X = (B, (r)dr = B, . Banerjee et al (2003, p. 27) provide the fuller expression of the

t=1 0
Brownian motion for asingle (1) process.
* In addition, as long as the dependent variable is stationary (f <1) the DW statistic will virtually
always exceed zero asymptotically which implies that there is potential spurious regression (manifested
in exaggerated tratios and Fstatistics). Given that R? tends to zero in the probability limit spurious
significance occurs when R> < DW . Thus, whilst R? > DW is traditionally indicative of spurious
correlation, R? < DW does not necessarily imply the absence of nonsense regression.
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3.2 Regressions of an 1(0) variable on 1(1) regressors

We now consider the unbalanced regression of an 1(0) dependent variable on a set of
m, 1(1) explanatory factors. The model, in mean deviation form, is essentialy

equation (16) with the constraint gl =0 imposed. That is:

~ ( R
Yoo = 22 X + Uy (61)

The OLS coefficient estimator is defined as:

-1
92 =CaA Xy Xy + é. Xt Yo (62)
et=1 g t=1

Substitution of (18) and (19) into (62), gives:
N 5t N\ ¢ *
Th, P &p.0,2 ., =b; (63)

The OLS estimator §2 convergesto zero at rate T : there is no spurious correlation in
terms of the coefficient estimator.

The residual variance is given by:**

_ ) g ~ ¢ .2

2=t - Q 64
S 2[ @0‘2 92 l(Zt ] ( )
Substitution of (18), (19), (20) and (63) into (64), after taking the probability limit,
yields:

plims? =S, (65)
The residual variance converges to a constant equal to the variance of the dependent

variable. This arises because the coefficient estimator converges to zero, therefore,
from (61), plimy, =0, .

The estimator of the standard error for the | coefficient is:

.
* This derives from the standard formula: $% =T *§ G2 . This is asymptotically equivalent to the

t=1
unbiased estimator of the regression standard error.
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0.5

%) ~EBan

C)C\ C/

Substitution of (18) and (65) into (66), gives.

05 5] 05
T55) P SasOebe

The coefficient standard error convergesto zero at rate T.

The " coefficient’ st-ratio is:

3!

!
Il
o

—+

-]
| o
N

Substitution of (63) and (67) into (68), yields:
~ b
S

sgzg“cp b,

(66)

(67)

(68)

(69)

The t-ratio of each of thej 1(1) regressors coefficients converges to arandom variable
(and not zero) in the limit, thus giving rise to the possibility of spurious correlation in
the model. This potential spurious correlation suggests the possibility of spurious

cointegration.

The coefficient of determination is given by:

-~ ¢g -~
b_"a z<2tz<2t¢92

RZ = t=1
3
a Yo

=1

—
-

Substitution of (18), (20) and (63) into (70), gives:

O .
ey .0, b,

0,0
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In the limit the coefficient of determination tends to zero at rate T . This statistic does
not exhibit spurious regression in this model.

The F-statistic for the joint redundancy of all of the (1) regressorsis defined as:

~ F-m-1E R* 0
F, = : T 72
T8 m, ARG 7

Substitution of (71) into (72), yields:

*( *
_ b, b.b%
Fb_chz_z_z

(73)
’ m,So,

This Fstatistic converges to a random variable (rather than zero) which suggests that
this statistic will potentially exhibit spurious significance.

The Durbin-Watson statistic for testing first-order autocorrelation is:
-1 (-)r A -~ ¢ u
T a gVOt - V0t-1)' 22 thg
t=2

2

DW =

(74)

s

Substitution of (11), (12), (63) and (65) into (74), with some additional assumptions
(given in the footnote), yields:

. € g5,
pI|mDW=2éL-§ = (79)
8 &Sood

The Durbin Watson statistic can be shown to be related to the degree of
autocorrelation in the dependent variable (as measured by r) in the same way as
above (equation (55)):

plimDW =2(1- F) (76)

The degree of autocorrelation in the residuals, as indicated by DW, mirrors the degree
of autocorrelation in the dependent variable. This is because the coefficients on the
[(1) variables converge to zero in the probability limit (equation (63)) and so the
autocorrelation properties of U,, and y,, areexactly the same —from equation (61).

The formulafor the OL S estimator of the intercept in (1), with gl( =0,is
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~(_

d=Yo-b_ X, (77)

Substitution of (63), (56) and (58) into (77) gives.
o
T8 P By()- b, (B, (78)

The OLS estimator for the intercept converges to zero at rate T°°.

In summary, for the regression of an autocorrelated stationary variable on a set of 1(1)
regressors we find the following. The statistics, b , and R? do not exhibit spurious

correlation because they converge to zero asymptotically. In contrast, there is
potential spurious significance for the statistics fg and F,. In other words, the t-

ratios on the I(1) variables and the F-test for the joint significance of the 1(1)
regressors tend to random variables in the probability limit. Monte Carlo Smulations
can be used to determine whether, and the extent to which, these statistics exhibit
spurious correlation. We also find that the Durbin-Watson statistic will only indicate
residual autocorrelation when the dependent variable is autocorrel ated. ®

4. Concluding remarks

Using asymptotic theory we have demonstrated that the t-ratios (the F-statistic) for the
1 (1) regressors in amodel with an 1(0) dependent variable (with or without additional
1(0) regressors) converge to a random variable and not zero. Stewart (2006) argues
that such a result can be consistent with spurious rejections if the means of the 1(1)
variables t-ratios (F-statistic) converge to large values (relative to their critical
values). Within the context of the two-variable LRM there is some limited Monte
Carlo ssimulation evidence in terms of the rgections of the regressor’s t-ratio in a
regression of an 1(0) variable on an (1) process. Banerjee et al (1993) find evidence
against spurious rejections when the 1(0) variable and the first difference of the 1(1)
regressor are independently generated white noise processes. However, Granger et al
(2001) find that there is evident spurious regression when the dependent variable is a
first-order autoregressive process with autocorrelation coefficient equal to 0.5 and the
1(1) regressor’s first-difference is white noise. Thus, there is some limited simulation
evidence which demonstrates spurious significance of the I(1) regressors’ t-ratiosin a
regression with an 1(0) dependent variable. However, no evidence is available for the
case when an 1(0) explanatory factor is added to this model. Providing (further)
simulation evidence for both of these models is an area for further work (which is
underway).

% |n addition, provided that the dependent variable is stationary we find that, asymptotically,
R? <DW at the sametime as FE and F, exhibit spurious significance. Hence, R> < DW does not

necessarily imply the absence of nonsense regression in some form.
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It is also found that the error term in the models considered here will reflect, for
example, the autocorrelation properties of the dependent variable. Thus,
autocorrelation in the dependent variable will translate into residual autocorrelation
that will in turn affect the distributions of t- and F-statistics on the 1(1) terms (as well
as any 1(0) regressors). This would explain the finding of spurious regression and
suggests that a means of ameliorating it is to model the dynamics present in the
dependent variable so that the residuals are white noise. Alternatively,
heteroscedasticity and autocorrelation consistent standard errors may be employed to
reduce or remove this spurious significance.

Given that the specifications examined in this paper are of the form of an ECM under
the null of no cointegration, a finding of spurious rejections for the 1(1) terms would
suggest that there is potential for inferring spurious cointegration from such models.*®
Although there is no Monte Carlo simulation evidence for the t-ratio in this particular
form of ECM the results of Franses (1990) suggest that spurious cointegration may be
found. Further work producing simulation evidence on the existence, or otherwise, of
spurious cointegration in such an ECM is warranted (and is underway).*’

Thus, this paper suggests that spurious correlation can be found in models where
previously it was not thought be present. It also suggests that spurious correlation in
such a specification can give rise to spurious cointegration.

% Note that in an error-correction model the assumption that all variables are generated completely
independently needs to be relaxed given that the 1(0) variables are typically the first differences of the
(1) terms.

3" This will require the use of the critical values provided by Ericcson and MacKinnon (2002).
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T e
AL Appendix 1: Derivation of plim&t? § vy, <
e o

t=1

Let the single process (variable), y,, , be defined as:

Yo = Vor (AL.1)
Let the m,~ 1 vector of processes, Ln( = [Xlt Xy o Xmlt], be defined as:

Xy =Vy (A1.2)
where \_/n( = [vlt Vo o e Vrm]- A bar below a symbol denotes a vector or matrix and
t=1,2,...,T.

It is assumed that y, and x, are zero mean, independently generated stationary
processes that are homoscedastic and feature first-order autocorrelation, thus:

First-order autoregressions.

V,

=rv, ,+e.,, -1<r <1 Al.3
Ot Ot-1 Ot

where, E(e,, ) = 0; E(e%) =s ;; E(e,&,.) =0,t* s E(g,V,.), t >S, where,s=1,2,...,T.
v, =f v, +e, -1<f <1 i=1,2,..m. (AL.4)

where, E(e,) = 0; E(e}) =s /; E(e,8,) =0,t* s E(gV,),t>s

Zero mean:®

E(vy) = E(v,) = E(v,) =0, i=0,12,...,m (AL1.5)

Homoscedastic:*®

&1 0
Var (Vg ) = E(vg) =S¢ = gﬁg 50 =S (A1.6)

T-1
% For example, E(Vo) =1 "E(Vo1)+ @ T “E(€y.) =0 if either the initial value €,_, =0 orif T
q=0
tends to infinity.
% See, for example, Pindyck and Rubinfeld (1997, p. 528).
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Var(v) =EM) =s? =t %2 i=12.m, (AL7)

1- fi2 a 6!
¢ E()  E(aVn) - BV,
AE(V,,V E(V2 e E(Vy V)¢
Var (v,) = E(\_llt\_/ltq:) =S = é Wa'ic) () Va mlt)g (ALB)
S - -
éE(letVlt) E(letvzt) E(Vrilt) g
Equation (A1.8) will be simplified below.
Autocorrelated:
E — , lt-9 0 2 t 1 Al 9
(VorVoe) =T %8 2 = ’ 2§eo’ s (AL1.9)
2
It- S|, lt s 0 2 .
E(v,v) =f{%s 1172 :S ey tts 1=12...m,. (A1.10)
| ndependent; *°
E(Vor [Vis) = E(Vis | Vo) = E(V; |V5) =0, i1 (A1.11)

The assumption of independence can be used to show that the off-the-principal-
diagonal elements of (A1.8) are equal to zero as follows. From the Law of Iterated
Expectations it is known that:**

E(Vitvjs) = Evis[E(Viths IVjs)] (Al12)

where EVis (+) isthe expectation taken over the vaues of v,.

Because v, is being conditioned upon on the right-hand side of (A1.12) it can be
taken outside of the expectation, thus:

“0 Equation (A1.11) is the result of the assumption of independence and the zero mean of errors
assumption — see equation (A1.5). Independence means that the occurrence or non-occurrence of v,
does not affect the occurrence or non-occurrence of v, and vice-versa Note that when s=t
independence refers to contemporaneous observations of different processes and when st t it refersto

non-contemporaneous observations.
“ The Law of Iterated Expectations can be expressed, for two random variables X and Y, as:

E(XY) = E,[E(Y | X)] , see Greene (2003, p. 865).
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E(Vitvjs) = Evis[E(Viths IVjs)] = Evis[vjsE(Vit IVjs)] (AL113)

Invoking the assumption of independence, equation (A1l.11), in equation (A1.13)
gives:

E(Vivi) =E, [vis " 0=0, it ] (A1.14)

Substitution of equation (A1.14), with s =t, and equation (A1.7) into equation (A1.8)
yields:

(A1.15)
&7 0 ou ¢l 0 .. Ou
e 2 u é u
20 s 0 ¢ 0 1 .. O;
— - _é U_

V) =Baw)=se=g T T =kl osi sl T
é a & ’
50 0 .. s2j 0 o0 .. 1§

. - . . . 2( 2 2 2

where |, isthe m "~ m, identity matrix and s ; =[s1 S, .. Srm]'

T o T

To determine plimg dévm\_/ng it is necessary to consider what T®§ v, Vv,
e 2 1] t=1

converges to in quadratic mean.*? In particular, this involves finding both the mean

T
and variance of T* é_ Vo Vg Inthelimit (as T tends to infinity) — see Greene (2003, p.

t=1

897). Both are shown in turn.

.
The limit of themean of T § v, v,
t=1

.
Themean of T?§ v, v, is

-=S |

_ 2t

m

t=1
(A1.16)
afl‘-d 3 0_ 4 _—d
Eg a VOt\_/lt ;_T E(VOl\_/ll +V02\_/12 + "'+V0T \_/lT) - T [E(V01\_/11) + E(VOZ\_/lZ) + + E(VOT \_/lT )]
t=1

49 0 48
P ECT 8 VoV 2= T¢ & E(Vo V) (A117)

e t=1 (%] t=1

“2 Convergence in quadratic mean is a special case of convergence in probability.
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By the Law of Iterated Expectations (see equation (A1.12) and (A1.13) above):*®

E(VeVy) = Eyh[E(VOt Vi [ Vi)l = E., [Va E(Vo [Vy)] (A1.18)

where E,, (+) isthe expectation taken over the values of v, .

Substituting the assumption of independence, equation (A1.11), into equation (A1.18)
gives:

E(VoVy) = Eyh[o' E(Vo [Vi)] =0 (A1.19)

Substitution of equation (A1.19) into (A1.17) yields:

afl‘-d 3 O__49 _
E¢T QA VaVe+=T"aQ (0) =0 (A1.20)
e t=1 (%]

t=1

.
Since the exact expectation of T¢§ Vo Vy 1S zero (that is, for all sample sizes —
t=1

.
values of T), the limit of T¢ é Vo Vy (asT tendsto infinity) isalso zero. That is:
t=1

. )
Lim ESTY§ vovy gz 0 (AL.21)

T®¥ e t=1

.

Equation (A1.21) establishes that the mean of Tdé_vm\_/ﬂt converges to the
t=1

constant value zero in the limit (as T tends to infinity). This is true for ALL

valuesof d .

.

Next the value of d for which the variance of T¢§ v, Vv, converges to a matrix
t=1

containing finite non-zero values in the limit is derived.

3 Because v, isbeing conditioned upon it is taken outside of the expectation on the right-hand side of
equation (A1.18). This can equivalently be derived as follows. Given that al terms in the following
covariance are zero mean (see equation (A1.5)) it is clear that: E(vq, v, ) = Cov(v, Vv, ) . Applying the
following rule for covariances, Cov(XY) =Cov,[X,E(Y|X)], (see, Greene, 2003, p. 865), yields:
E(V vy ) = Cov(vy vy, ) = Cov,, [V, E(vy |Vy)] . Given that all processes in the covariance are zero
mean implies that: Cov,_ [V E(Vg [V )] = E,, [V E(Vg [Vl Hence,

E(VoVy) = By [Vy E(vo V)]
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.
The limit of the variance of T § v, vy,
t=1

Defining the following:

Wi = Vot Vi (Al22)

Means that:

= a9 a9 dy, ¢

w=T"aw =T"Q VyuVy =TV, 'V, (A1.23)
t=1 t=1

where, v, isaT 1 vectorand V, a T  m, matrix that are defined as follows:

> (D
=
=

Q
- N
oo\o\nononcy

<
o
1

(A1.24)

('OD<'('D) :('D) D
=1

§‘V11 Vo, o e lell;l

N, v, .. v.U

e # m2u (A1.25)
e... .. u
g :

& Vor o VmJa
Taking the variance of (A1.23) gives:
Var ([v) =Vargr* éTl Vor Vi 9 (A1.26)
e t1 2
Applying the Decomposition of Variance rule to (A1.26) gives:*

Var(w)=Vvar, [Ewlv, )|+ E, [Var(wlv, ) (AL1.27)

First, consider the E(Ev|\_/1t) term in equation (A1.27) using (A1.23), thus:

— 4 ¢ PN ~ r4 ¢ . N
elwiv, )= egrev. S v ST e % gv, (A1.28)

* The Decomposition of Variance rule is, Var (Y) =Var, [E(Y | X)]+E,[Var(Y | X)], where E, (-)
and Var, (-) arethe expectation and variance taken over the values of X — see Greene, 2003, p. 866.
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Because the expectation in (A1.28) conditionson V, , this means that V, can be taken
outside of the expectation operator, thus:

EWwlv, )=TV,‘Elv, |V,) (A1.29)

Invoking the assumption of independence, equation (A1.11),
E(vy [v,)=0P E(v,|V,)=0,inequation (A1.29), gives:*®

Efwlv,)=Tv,'0=0 (AL30)

Substitution of (A1.30) into (A1.27) yields:

Var(w)=Var, (0)+E, Mar(wlv, )=E, [Var(wlv,) (AL.31)

Given that all processes are zero mean, equation (A1.5), the term Var(ivh_d in
equation (A1.31) can be written as.

) oo
var(wlv, )= £ |v, 2 (AL32)
e (4]

Substitution of equation (A1.23), w=TV ‘v, , into (A1.32) gives:

[ é ¢ I ¢ --( l;l ¢ e
var(wly, )= et v, S g .= e, Uovo v, V.8 (AL

Because the expectation in equation (A1.33) conditions upon V,, this term can be
treated as a constant and be taken outside of the expectation operator, thus:

var (v, )=T*Vv ¢eE§/ VO%L\/ (A1.34)

The term Egilo\_/o(% can be expressed in detail as:
(A1.35)

** Where 0 isthe null vector/matrix.
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g E(Vgl) E(V01V02) E(V01VOT )3 g E(Vgl) E(VOIVOI-l) E(VOIVOI-(T-l) )3

ER v ¢Q: éE(V02V01) E ng E(V02V0T )U: é E(VOIVOI-l) E ng o EWVg Vo (T-2) )l]
§/°‘° g & .ouée a
é ua é a

@E(V Vo ) E(VOTVOZ) E(VgT) a @E(VOtVOt-(T-l)) E(VOIVOI-(T-Z)) E(VgT) 9]

Substitution of equation (A1.6), E(V)=s?= Eilrzzosjo, and (A1.9),
2

k

, into (A1.35) gives.

E(VorVor k) =T “s 0

1-
és; rsg .. r’i’sgu é1 r’ta

5 ars? sd T2SZU @1 0,ar 1 FTd el o} (A1.36)
E’g’o\_/oq@:g ’ ° ou 550(2 U=L, =

2 ? '] ? . l:' gl-r g

%T leg rT-ZSOZ SO g %Tl rT-Z 1 5

where,

é1 r r’ta

e T 2U

a 1 rop
L =6 v A1.37
=0T G (A1.37)

% T-1 r T-2 1 a
Substitution of (A1.36) into (A1.34), Var(_ |vn) T#V ¢eE§/ v0¢°‘\/1, gives:

. e 1 4
Var(\Lv|\_/n)=T2ds ;gﬁg‘lﬁ;o\ll (A138)

Iy

Substitution of (A1.38) into (A1.31), Var (w)=E, |var(w|v, )], yields

— é e
var(w)= E, &r®s Ee ¢L Vlu—TZd siE : (A1.39)

,té u =1t

Writing the matrices of the term \_/1(L0\il in detail, using (A1.25) and (A1.37), gives:
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T-1 04
r uevy,
T-2

r ~aVio

A

1 gér

V_ .-
”‘123(A1.40)
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A T-1 T-2 T-1 T-2 A N
g (Vy Frvp, +o41 7v) (rvy Vi, +oatr 70V ) e (7 T ) UBVy VLl VU
T-1 T-2 T-1 T-2 u
b v v _a vy trvy, +tr vy (rvy, vV, +o+1 7V, ) o (7T, TV, V) 'dg\/12 Vy, Vin2 (AL41)
—teet e ue u '
é ué a
T- T-2 T-1 T-2 , 2
Vi F TV Fot T V) (P Vo ot T2 ) (P 1 T Y ) g Var Vo
AT T T T T T S
fQ Aarivyv, 8 Aar iy - R A
ea. a 1t Vis a a 1t V2s a a 1t Yms U
ét:l s=1 t=1 s=1 t=1 s=1 l:l
ééT‘éT‘r”‘S'v v éT‘éT‘r"‘S'v v éiér“‘s'v v, U
P \—/1¢|;0\—/1 = ét—l =1 o t=l s=1 A t=1 s=1 ame (AL42)
é o o a
&1 1 I e i
~0 o r |t- Sl o o r |t- Sl [o] [o] r It' Sl l:l
Qa a letvls a a letVZS a a letvmls Z
€i=1 =1 t=1 s=1 t=1 s=1 g
3 g It- 5| T T-2 T-1 T-2 46
t- S| _ - - - -
where, @ @ "V Vs = (Vi HI VLV, ot ]viijl)+(r VigVijp ViV +o T 7V )+ + (0 Ve +1 V0V i+ Vv ).
t=1 s=1

Substitution of (A1.42) into (A1.39) gives:

T T
“ For example, when i = j =1, thisimpliesthat: § & r "V, vye = (V3 +1VpVyy +ot T TV )+ (FVyVyy +VE +ot T T2V v, ) ot (F T v +1 7720, vy +. V2
t=1 s=1

T T
. . o O - - - - -
and, when i=1 and j=2: & r "Iy Voo = (VigViy T VpVoy oot T TNV VL )+ (M VgV + ViV, +o b T T2V ) o+ (1 T Vo +1 T2V, +o 4V v, ), and S0
t=1 s=1
on.
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€8 8 [ rap (v,v,.) 2 ks (vv,.) 2 2 K ( )U
ea a r A Vi Vis a a r Vi Vit Vas a a Vi V]Iles u
ét=l s=1 t=1 s=1 t=1 s=1 l:l
T T T T T T
588 8 . - S 8 .o S 8 .t ( )t’J
Var(w)=T%s 2 ' 1 Zggl ar"E, (Vase) aar"iE, (VaVse) - aar"E, Vavns)y (A1.43)
eg - d 3 i | o -9 u
€ » < v
AT IE, Vyvis) AArYIE, V) - & & TIE, (ViVio )i
Bt=1 s=1 t=1 s=1 t=1 s=1 0]

t')
For each element of the matrix in equation (A1.43) the assumptions of homoscedagticity, E(v:) = g 2_ ; (A1.7); autocorrelation,

oef 19 g
E(v, V) = g s 2, (A1.10); and (non-) contemporaneous independence, E(v,v,;) =0, (A1.14), can beinvoked as follows:*

" Notice that when i =j in equation (A1.44) then the expectation operator is applied to products of the same error process in either the same time period (where
homoscedasticity is assumed) or different time periods (where the autocorrelation properties are invoked). However, when i 1 j in equation (A1.44) the expectation operator
is applied to the product of different error processes, either in the same time period (contemporaneous) or different time periods (non-contemporaneous), and so the
independence assumption is applied. For example, for the first two elements in equation (A1.43):

T T

aar"ig, ()= [Evn vfl)+ rE, (Vv )+..+r T'E, (V1TV11)]+[r E,, (Vivi, )+ E,, (vf2)+...+r T2E, (Vv )]+...+[r TUE, (Vi )41 7B, (VipVir )+ HE, (va )]

t=1 s=1

T {ée 1 6,0 éaf o U & Tl féef o,0 &1 6.0 ¢ T2 U fé  oefT-1o 0 € _ afT-2¢ U ée 1 o
P A bl &S e Bl BB S R B LS S S e s e Bl S e B S

bt i&l-fip g esl-fip g @ &-flp ieEl-fl5%g &l-T'5°8 @& -1’5 ie S-f'z°g e &-f'5°g 1-f2 5

T T
- -Ya T-1 T-2 T-1 T-2
8 A 1VE, (yva) =B, (Vo) +rE, (vovay)+ o1 TE (vnv21)]+[r B, (Vs )+ By, (Vi )+t T 726, (Ve vin )|+t [ Ty, (aVr )41 726, (VaaVir )+t By (Vi Var
t=1 s=1

T T
o & A e, ()=l O el O+l 0)r0sle T Ol 07 vl

t=1 s=1
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Substitution of (A1.44) into (A1.43) yields:
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(A1.45)
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)
(Y
1

AL+, +. +r”f”)

u
ué a
ezlug+(rf +1+.. +rT2fT2) +..0
¢} 0
@+( YTy T2 +1)[J
éxe
0 12
1-f2;
0

S |<,;o
@ﬁ,a%

IO

1+rf +. +r”|‘“)

rf +1+.. +r”f”)

].rgl T2fT2+ +1)

(o NenY ey eny ed

(A1.46)

1+T2fT2+ +1)

eSS c ccccccccca o

The second term of the product of the elements along the principal diagonal of the matrix in equation (A1.46) may be expressed, in genera, as.

(et +otr TR (e 1, 4o T T2 )

l)+...+(r TN AL T T iT‘”*1)+(r s T O R B | iT‘”)+...+(r Ty

:(1+ rf +..+r "

where, n= 12 , assuming, for simplicity, that T is an even number, and i =1,2,...

48 When T is an odd number and n=

(1+rfi +otT T‘]'I‘iT'1)+(rfi +1+rf ot T iT-z)+___+(r T Ty
+2[(1+ rf, +..+r i“)+(rfi +1+rf, +o+r T iT'2)+

T+ , equation (A1.48) can be re-written as:
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T T2y 41)=

+(r T T 24 1)

48

1rnl-

+(r B B S U R Gl S ¢

...+(r T-n-].r iT-n-l +r T-nf iT-n +...+1+...+r T-nf iT-n +r T-n+]_r iT-n+1)]

(A1.47)

T‘zfiT‘2+...+1)

T- nf _T- n )
' (A1.48a)



p (1+ rf +..+r T‘lfi”)+(rfi +1+rf, + 41T iT‘2)+...+(r B Y e +...+1)

:2[(1+ rf, +..+r T‘lfi“)+(rfi +1+rf, +..+7 T‘zfi”)+...+(r R R L R o O R B e iT‘”*l)] (AL49)

Equation (A1.48) can be simplified using geometric progressions as follows;*® *°

“9 The geometric progressions used to obtain equation (A1.49) from equation (A1.48) are as follows:
Let, SI:(1+rfi+...+rT"‘fiT‘1), p rfiSI:(rfi+r2fi2+...+rTfiT), p (Sl-rfiSI):(1+rfi+r2fi2+...+rT']‘I‘iT'1)- (rfi+rZfi2+...+rT‘lfiT‘1+rTfiT),

b (1- rfi)SI:(l- rTfiT), \ SI:(1+rfi +...+rT']'I‘iT'1):%_r%}). Let, SZ:(rfi +1+rf, +...+rT‘2fiT'2), p rfiSZ:(r ’f24rf, +r2fi2+...+rT‘]‘I‘iT‘1),
p(s,- rfiSZ):(rfi +1+rf, +r 2+ T iT‘Z)- (r R4t 427+ 4 T4y T‘]'I‘i“), b (1-rf,)s, :(1+rfi -1l rT‘lfiT'l),

(1+rfi -T2 r”-ri“)

(- rf)) .
P rfissz(r 3fi3+r2fi2+rfi+r2fi2+...+rT'2fiT'2),
b (S;- rfisg):(r A2 L1t +r 224+ T-SfiT-S)' (r HPHr A2t 22 T Ty T'ZfiT'2)7 b (- rf,)s, :(1+rfi -7 rT'ZfiT-Z),
+rf - r32- rT'ZfiT'Z)

- rf))

borf,S, =(r T T T f by T T T T,
P (S rfiSn):(r PO b Ly T T iT.n+1)- (r T ey TN f b T T e T iT'M),
b, - p T T T 1)

(- rf,)

\ SZ:(rfi+1+rfi+...+rT‘2fiT‘2): Let, SS:(r 2fiz+rfi+1+rfi+...+rT'3fiT‘3)

\ 83:(r2|‘i2+rfi+1+rfi+...+rT'31‘iT'3):(1 Let, Sn:(r T'”*ll‘iT'”+1+rT'”fiT‘”+...+1+...+rT'”fiT'”),

n

b (- rf,)s, :(1+rfi S S U L iT‘”+2),\ S, :(r B B S S O R iT'”):

+ .
% When T isan odd number and n = TTl , equation (A1.49) can be re-written as:
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(1+ rf +..+r T‘lfi”)+(rfi +1+rf +. 41T iT‘2)+...+(r B Y S +...+1)

B '\[é(l- rTfiT)u é(l+l’fi or zfiz_ rT-].fiT-l)u é(l+l’fi or 3fi3_ rT'zfiT'z)l] é(l+l’fi _p T iT-n+1_ rT-n+2fiT-n+2)q-.,](A1_4g)
=26 ateé ateé gt..te |
fe-rf)a & @-rf) 0 & - rf)) 0 & @-rf;) b

p (1+ rf +..+r T‘lfi”)+(rfi +1+rf + 40 T i”)+...+(r B Y L +...+1)

(A1.50)

CTH(T-2)rf - 2rF 2o 2r - T T

T
i

(1' rfi)

(1+rfi 4T T'11‘iT'1)+(rfi +140f + 4 T iT'2)+...+(r I I S +...+1)

_ i.e(l_ r Tf iT)l‘:l e(1+rf - r Zf i2 -r T-lf iT-l)l‘:l e(1+ rfi -r Bf i3 -r T-Zf iT-Z)l‘:l e(1+ rfi -r T-nf iT-n -r T-n+2f iT-n+2)l‘;{J
I {ETIO N I S (P R S (R0 R M- it ) & (L4
+§(1+ rf - 2r T-n+]_r iT-n+1)l‘:l
é 1]
e (1' rf i) g
This uses the following additional geometric progressions:

Let,

S, :(r T Tl L A T T f'”*l),

D rfiSnl :(r T-nf iT-n_'_r T'"']'I‘iT'"'1+...+rfi+...+r T-n+]_r iT-n+1_'_r T-n+2f iT-n+2)’

D (Sn1 _ rfiSnl):(r T-n-lfiT-n-1+...+rfi +1+rfi+m+rT-nfiT-n+rT-n+]_riT-n+1)_ (r T'"fiT'"+rT'"']'I‘iT'"'1+...+rfi+...+rT'”+]'I‘ iT-n+1+rT-n+2fiT-n+2)’

b (1_ rfi)Snl :(1+rfi' rT-nfiT-n_ p T2 iT-n+2)’\ Sn1 :(r T-n-].riT-n-1+."+rfi +1+rf, + 41T iT-n+rT-n+]_riT-n+1):(1+rfi -

Let, S, :(r Btk AR & GRS R B S iT-n)’

r T-nf iT-n -r T-n+2f iT-n+2)

(L-rf,)

D rfiSn2 :(r T-n+]_riT-n+1+rT-nfiT-n+m+rfi+m+rT-nfiT-n+rT-n+:Lr iT-n+1)’

=} (Sn2 - rfiSHQ):(r TN AL f L T iT'”)- (r T Ty T T b TR T f'”*l),

p (- rf,)s, :(1+rfi - 2r T iT'”+1),\ S, :(r Rl S & B R 6 MO Gl iT'”): (1+rfi Sar iT_m).

37

(L-rf,)



(A151)

2¢ 2 3 T-1 T-1 Te T
b (1+rfi+...+rT'lfiT'l)+(rfi+1+rfi+...+rT‘ZfiT'2)+...+(rT'lfiT'l+rT'2fiT'2+___+1):(T+2)+Trfi'2(1+rfi+r(lfi :r)afi toAr AT
_r i

Equation (A1.51) can be simplified using a geometric progression, thus:>* 2

é(l- r THf iT+1)U

(T+2)+Trf, - ZWQ
p (1+rfi +...+rT'lfiT'1)+(rfi +1+rf, +...+rT'2fiT'2)+...+(r T‘lriT‘1+rT'2fiT'2+,,,+1): i ? ) ARV (A152)
-rf,
*! The geometric progression used is:
Let, SlT:(1+rfi+"'+rTfiT)1 P rfislT:(rfi+r2fi2+---+rT+lriT+l), = (SH-rfiSH):(1+rfi+rZfi2+...+rTfiT)- (rfi+r2fi2+...+rT”'fiT+1),

1-r T+lf _T+1)

b (1-rf. =(1- r TN ={+rf +..+rTET :( S

( |)SlT ( i ) S1T ( i i ) W

%2 Equation (A1.49a), for when T is an odd number, can be simplified as (which is aimost identical to equation (A1.50)):

2 3 T T-1  TeT
(1+rfi+...+rT'1fiT'l)+(rfi+1+rfi+...+rT'zfiT'2)+...+(rT'lfiT'1+rT'zfiT'2+___+1)=T+(T'1)rfi' 2F2fi - 2F3|:i - .- 1fi -rf,

o) (AL50a)
b (l+ s +...+rT'“f.T'1)+(rf. 1erf o+ 4 rT'zf.T'2)+...+(rT"f.T'1+ rT'zf.T'2+...+1): (T +2)+(T +2)rf, - 2(1+ rf o +rd2+r¥3+. 4+ rT']fiT-l_I_rTfiT)
(L-rf) (Al51a)
(T+2)+ (T +1)rf, - 2?(1'(1r Mff T)l)ﬂ
borf 4ot TH T (AL f 4 r TE ) (T T T2 )= T ;5 SRALTAN (Al1.52a)
- r i

p (1+ rf, +..+r 7% iT'1)+(rfi +1+rf ++r T iT'2)+...+(r T Ty T T2 +...+1)= (ot et )(+(2: r)fzi) - 2(1- o im)
1-rf,

(A1.53a)
Thisis amost identical to equation (A1.53).
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p (1+ rf, +.+r T'lfi”)+(rfi +1+rf +.+r T iT'2)+___+(r T T gy T2 T2 +___+1): (L-rf))

[T(L+rf,)+2]- 2(- r ™)

A153)
2 (AL
(1- rf,)
Substitution of (A1.53) into (A1.46) gives:>
(A1.54)
%‘9 1 %ét‘g(l rfl)h2d+1(1+rf1)+2TZd]- ZTZd(l- rT”flT”)g 0 o 3
&1 25 "t @-rs,P i i
(:) ,® 1 £ 0 g‘? 1 952 t‘g(l rfz)[r2d+1(1+rf2)+2TZd]- 2T2d(1- rT”f{”)g 0 3
Var\w|=s ¢ "B 1125 %04 (l- = )2 U ... ﬂ
"S- 122 g 2o B 2 ] a
é o o e o
g 0 0 _ §e 12 ?S§m£@ rfml-rm 1(1+rfm)+2T2d]- ZTZd(l- . ]flul)ﬁﬂ
- & fng "8 berfn t
%3 When T is an odd number equation (A1.54) becomes:
é;‘ﬁe 1 QSQ “”g(l rfl){fm*l(1+rf1)+T2d(2+rfi)]- ZTZ”(I- rT”flT*l)g 0 o ﬂ
- T ; )[T S ;
..é ée 1 0 ) |J§(1 rf, 2”*1(1+rf2)+T2”(2+rfv)- oy rT+1f2T+1 u u
& 0 g i L
vaides £ ° ST (T = 0 | (A154)
A . a
§ 0 o i é:? 12 %ng E(l rfm]1'r2”*1(1+rfm])+2T2”]-2‘l'2”(2+rfi)(1- rT”f;]”)E
é & -fm] ] [0 ll' rfm]) Lﬁ

In the limit this converges to the same matrix as (A1.54), the case when T is an even number, when d = - % .
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For stationary processes, that is, when |r |<1 and |f, |<1 that are homoscedastic, every term in equation (A1.54) is finite except for T (in the
[imit), hence:

. )
(1) When d <- % the variance of Serd 8 v, v, 2 tends to the null matrix in the limit;
2

e 2
€0 0 .. Ou
(W) 2 g 6_g0 0 oY
i =Li == U= -
Lim Var(w)= Lim Varg gvmyﬁg : U=0 d< % (A1.55)
0 0 .. o]

.
Equation (A1.21) and equation (A1.55) establish that, when d < - 4/, the mean and variance of T¢§ v, v, convergeto zero in the limit (as T
2 a Ot =1t

t=1

.
tendsto infinity). Hence, when d < - % , T¢ é V,, V, convergesto zero in quadratic mean, or the probability limit, thus:
t=1

. i}
. o (0}
plim¢r?gq v,,v, ==0, d<- (A1.56)
g Qlaksl %
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. )
(2) When d =- % the variance of Serd 8 v, v, is
t=1 (%]

e
(A1.57)
&1 o, K- Jasre)+2rd- vl o o o ;
%1-1‘35 * 66 (- rf, ) 3
@1 Og 0 ée 1 %gﬂgl rf )[T1+rf )+2T ] 2T'1(1- rT”sz*l)g 0 3
var )_ 1- rzg 1-175 e (- rf,f @ a
e - u
g 0 0 . ?39 l2 %:%@ rfm])[(1+rf +2T ] AN @ rT+Jf"T‘1+1)L,L“H
& &l-fonp "8 - rfm)z e
Which, in the limit, becomes:>
(A1.58)
e 1 O ,01-r¥2u u
A X s A - O O u
S1- 175 gell- 1. g G
é . N . 5 s G
5 e 1 0 ,01-r¥2uU -
Lim Var(_) L|m Var &1~ yav +—s 1 2 0 51 les:z ’:(1 f 2)29 0 u
L 9 ot 11 gl- " g “Tog Tpgeld- 1L) (@ 3
é Z N 7 \u
< e 1 0 Uel-rF2 U
& 1- fm1 & %1- I‘fml oy

5 Thisistrue when T is an even number and when T is an odd number.
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. Y3 0_..21 0
\ IT‘@!;T Var? ta:1v0l\_/1téj Se"gl- TZBW (A1.59)
ée 1 0 ,01-r¥20 u
73S o U6 ——70 0 0 u
:A 1-f g @(1' rfl) g U
g 0 €e 1 9, uél-r?2 U 0 3
-z S 06 —u .
where, W= é &x1-f25~ @(1_ rf 2)2[:] a (A1.60)
é a
e 1 ¢ vl i
g 0 0 & I 2 i Uy
< él'fz - ©Cm ,Al_ I’f 2,,
8 m @ @( m) 5
and, Lim Varaq“%év v, 2 _stz&é 1-r 4/ y i=12 (A1.61)
» LI g a Ot_1té’i & qg(l_ rz)(l_ fiz)(l- rfi)zlljl’ ey MY .

All of the elements along the principal diagonal of (A1.59) are finite and al of the elements off of the principal diagonal are zero — note that W

T e T .-
isan m = m, matrix and Varg?'%é‘ VOt\_/ltg is the element in the i row and i™ column of the Varger'%é Vg Vy, 2 matrix. Hence, in the limit
e =1 % e t=1 (%]

T - T
(as T tends to infinity) Var@l /2§ vy, 2 is finite. Combining this with equation (A1.21), which establishes that the mean of T 2§ vy v,

e t=1 %] t=1
T
converges to zero in the limit (as T tends to infinity), implies that, T'y2 é Vv, vV, convergesto arandom variable, denoted G, in quadratic mean,

t=1

or the probability limit, thus:
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]
plimT 28 v, v, =G (AL62)

t=1

Note that - % Is the largest value of d where the probability limit converges to a random variable (has a non-zero variance) rather than zero.
Hence, equation (A1.62) is of interest for the derivation of the probability limit of OLS statistics for the regression of an 1(0) dependent variable

on aset of 1(0) processes and a set of 1(1) series.

. )
(3) When d > - % the variance of Serd 8 v, v, 2 tends to the following in the limit;
)

e 2
& 0 0
(:) 49 o) ¥ o
Lim Var{w)= Lim Varg elvm\_/ﬁg 4 T, d> P (A1.63)
g0 0 .. ¥
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Equation (A1.63) establishes that, when d > - % the elements along the principal

.
diagonal of the variance of T¢§ Vo, Vy diverge to infinity in the limit (as T tends to
t=1

.
infinity). Thus, T¢§ v, v, divergesin the probability limit when d >- 1/ .
a Vo Vy 2

t=1



A2. Appendix 2: Derivation of asymptotic results for regressions with an 1(0)
dependent variable and I (1) regressors

To obtain (28) start by rewriting equation (24) as.
(A2.2)
-1
Y ot
:%Ta?r a Xy Xy - Ta? a Xt Xt eT a?r a XZtXZt R Ta lé. Kot Xt 7y
f e 1) e 6 e al e = %

Substitution of (17), (18) and (21) into (A2.1), after taking the probability limit, gives:

.1 ..-1
pIimA—l Ta,,- Tep kB, & o, Tc‘pzdglqg (A2.2)

TE®¥ 0

P plimA= ! T (A2.3)

¢
T TaL,- T, tE .. Y .0

P plimTA= ! T ¢ (A2.49)

o : < ¢ e <
Y il,o -T ld?z dBl@zpzq% @ngl

\ plimTA= (2.8

T®¥

o1 (
Thisisbecauseas T ® ¥ so T'lc‘pzq:dglg%pzbfg p.dB;, ® 0.

To obtain (29) start by rewriting equation (25) as:

-1y
B=-T" (TA) Ta? la Xqt Xt eTza? 2a Xt th@u
f e t=1 [7/2) e t=1 0

(A2.5)

T

Substitution of (17), (18) and (28) into (25), yields:
e ofe ¢ . -1
Bb -TTT Z(filf)ﬁhz 3 glﬁpzpz% (A2.6)
01w C -1
\ T2BP -4 op, UB,&y.b,"2 (29)

To obtain (30) start by rewriting equation (27) as.
(A2.7)
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D=8 8 % 11, + T8 o, U (AL 24 0, e F 4 0.
e e t=1 A f é e t=1 A é e t=1 Ade e t=1 a0
(A2.8)
' 2, s - ¢ o
Db T28p,b, 2 &, +TTT'T ng?ZdBl ;:aal’t delﬁzbfﬁ {
(A2.9)
1 o 1
E, A2 -1 ¢
Db TOEp.D D +T B0, Gep.0e, a1 iy e o0,
(A2.10)
1 1
; 5N ° ¢
T'DP 8.0, +T 8.0 Cop.08, a1 . 4B, Fp.b.
2 ol
\ T?2Db @gzpz p (30)
1 . 1
a Yo -1 ¢ . " u
This is because Qr 13“@292‘% @2d§1%1,0ﬁ2 dglgagzpz‘% (®0 @
T® ¥.
To obtain (32) start by rewriting equation (31) as:
§1 [T (TA)]ATOSE% Osa XltyOt_U+[T (T B)]eTEfi- a. X2ty0t_U (A2.11)
e a0 ée = a)

Substitution of (19), (22), (28) and (29) in (A2.11), after taking the probability limit,
yields:
(A2.12)

b plimb, =[r(a 2 Jreogs iToTg a1 gp,Ys, fpib." @ - %
LCE T €

. N o o "-1\ ¢
P plimb, =T **4 G- T4 ¢ nglﬁpzpz‘% P, B, (A2.13)
\ plmT®B, =4;.6=b, (32)

To obtain (34) start by rewriting equation (33) as:

:[T ( ZC)]ATosa? Osa Xlty0t'U+[T (T D)]ATa?— a thym% (A2.14)
a é e t=1 a0
(A2.15)
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e .1-( U
~ A &2 0
6,0 e alop e Rp.n ol drorep 0.4 . fm
€ a
(A2.16)
(%) ¢ & -1 ¢0 O( o
ar-15
bPT @b Q. 6By - T glO@ZdB@ B;gﬂ
€ a
-1
~ o - ¢ .
\ TB, P &p.0,2 .8, =ib, 34
To obtain (36) start by rewriting equation (35) as:
(A2 17)
SZ:T'lgaI y§+§T_ 61¢ann ) +§T_5 tht%2+2§T_ 51¢5nx ¢b éT_t; 2ab x2ty0t.
et=1 t=1" t=1 - t=1" t=1"
(A2.18)

I : 3 By~ \U U
: ¢ ?b% a %, X n‘DQ(T °b, ?‘ % 8 XaXa ;ZTEz)g I
o Y6 Y
T, €+ 05 6 ‘Tgr 18 05 59 ou b OF-13 QU
i+ &T axx U eZgi bqgf aX ‘ Gl A Xy You "y
% g gir & x,x @( =l - e % € _2 ¢ = OI%I)

Substitution of (17), (18), (19), (20), (21), (22), (32) and (34) into (A2.19), after
taking the probability limit, gives

i & ¢ . Ky U
i
|
|

T+ 2 &, 1 ¢o o -1 \U ?, "'1‘ Uga., < ..-1‘ l;l
':'T Qoo +gil,0§) 0 (il,og)ﬁ"' g@zgz% d22¢dBou gcngz%@zpzq% d?z¢dBouu
I g g t‘fd

1l

H 2 _T-1} g
DEQTS_Tﬁ:ﬁé - ¢n Eoy pp & Woef o Jou Sén o 6l Un o o
e or ool e TR @i P id by SR oty e 2
| é ﬂdy
(A2.20)
b plims’=4,, +T'1§¢é_;,t§+T'1&‘122d80¢§?12292¢%1(‘122¢d805+ oG Ry, 4s. .0, s,
e

T®¥

218l G- 2T e(jgdBoqgagb szdBog

\ plims® =4, (36)

To obtain (38) start by rewriting equation (37) as.
%] = SEUYS (A2.21)

Substitution of (28) and (36) into (A2.21), after taking the probability limit, gives:
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plims; | = 8,07 @) ] (A2.22)
b plims ) =T (&, (8,0} (A2.23)

\ plimTos; ) = (80,)°(8,0),° (38)

To obtain (40) start by rewriting equation (39) as:

)]
Us] = - (A2.24)

T-058§ 05 8
1 @

Substitution of (32) and (38) into (A2.24), after taking the probability limit, gives:

: b, J,
p“mt[ﬁllk i (éoo)[)g(]é_l ) > ‘o

0 /i

To obtain (42) start by rewriting equation (41) as.
8] = [s*t*(r2p, )| (A2.25)

Substitution of (30) and (36) into (A2.25), gives:

U P
@ 25y (A2.26)
T uub
_1f e . 3 "-0'50
SEz]i P T 1(a0,0)05@292¢§ H (A2.27)
]
\ T, 1 b (B Sp.p,% Y 42
SEz]i Ao 222 H (42)
i
To obtain (44) start by rewriting equation (43) as.
s, |
(A2.28)

tr.1 =
ol
Substitution of (34) and (42) into (A2.28), gives:
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b,]
= (44)

tr-1 P
bz]i (o )0.5 A b ¢(,_j'0.5l;|
0,0 %ipZ_Z g H”
To obtain (46) start by rewriting equation (45) as.™
(A2.29)
; :T 05 osb ¢o|-a?‘r 1a X &mT os(Tosb )+2-|- ?b %ra} 1a Xz‘&‘ml' os(Tosb )+T §-§2¢g|-2§3r-2é152‘52‘¢§r-1(-r§2)
a?r 1a Ym i
%]

Substitution of (17), (18), (20), (21), (32) and (34) into (A2.29), gives:

Tb.'s b +2T b . .dB. b, +Tb. ¥.b.'b
R’ b Y1 2108 L)) d?z 51 Y Yo d?z_z Yo (A2.30)
S0,0
. ( (< G A
T 1251 §1,0Q1 +Q2 d?zbz QQ
R’ b 2 (A2.31)
S0,0
b.'s b. +b. b,b.,b
\ TR2 D 1 =101 2 @2_2 2 (46)
S0,0

To obtain (48) start by rewriting equation (47) as.

_ . (A L -
T 05 0.5b1 Q'I-(TA) 1T 0.5(-|-0.5b1)
F, = g . (A2.32)
sm
% Equation (4.5) derives from:
T T 2 T
- ~ ¢ ~ ¢ ~ ¢ ~ ¢ ~ ¢ ~ ¢
2 91 ¢ él(gl Xy +D %y él (b, %, +b %, )(b X, +b "%, )¢
R" = T = T = T '
o 2 o 2 o 2
a Yo a Yo a Yo
t=1 t=1 t=1
~ 63 I s ¢d P -
5,8 XX, 0, +5 "8 X, X2, +5,%Q xa, D, +5 8 %, %, B,
p R?=—2 = - = = which, given all
a Ya
t=1
- ¢T -~ -~ ¢T -~ -~ ¢'°|' -
b "8 X, X, D, +2b "8 X, X, D +D A X, X, D,
elementsin the equation are scalars, p R? = —= — =
9 2
a Yo
t=1

49



Substitution of (28), (32) and (36) into (A2.32), after taking the probability limit,
gives:

(o
b,a. b
p|im Flzﬂ (48)

o}

dooM

To obtain (50) start by rewriting equation (49) as.

g8, G ) 11

E A2.33

2 552r112 ( )
Substitution of (30), (34) and (36) into (A2.33), gives:

b, ¢P.b, b
F,p 22222 (50)
a 0,0 rnZ
To obtain (52) start by rewriting equation (51) as:*®
(A2.34)

T T
é. (un - ult-1)2 T_lé. (un - ult-1)2
® The Durbin-Watson dtatistic is defined as. DW =2 — =2
4 T4
t=1 t=1

~ ~

.
Substitution  of  §*=T*Z G and Oy =y,-b X, - Ez(l(a into DW  gives,

1
2

18 6 P - ¢ )
Tla or'Ell(n'Ez l(zt% gi/om'b l(n-l'b th-1%

—1 —2 —

2

T R R N
T4 LYo - yOt-l)_ Elc()_(lt - l(n-l)' Ezc(l(zt - )_(Zt-l)a
DW =—*=2 .

5 From (4),
S

Kot = Xy = (lzt - Xz)' (lzt-l - Xz)zlzt - la-l =Vy — althothAZt ~ | (1) , because it is a

random walk without drift its mean is constant through time and, asymptotically, the contemporaneous

and lagged mean are approximately equal. Also, from (2) and (3), the following hold (approximately)

in large samples Yor = Yoro1 = Yor - YoJ- Yor1- Yo)=Vy - Vgu and
Xy = X1 = (ﬁn - Xl) (ln.l - Xl):ln - Xy1 =V - Yy, . Substitution of these termsinto DW
T 2
13 6 . S ¢
T 1é~ g(VOt - VOt-l)' Elc(\_llt - \_/1t-1)' Ez \_/2t5
gives (51), thus. DW = —*=2 - . This expression is different
s

from that given in Hassler (1996) due to the dependent variable being stationary in this paper and
nonstationary in his.
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-
1 Pe) 7 A A \ 7 A ¢ l:l
T a gVOt - V0t-1)' Elq:(yn - Vlt-l) b Va %Vm Vot 1) b ¢(\Jn - Vy 1) b Vzrg
— t=2
DW = >
(A2.35)
éd ¢, ¢l s o e - u
eé. (VOt Vor. 1)(V0t VOt-l) +21 a (\_/n Vlt-l)(\_/lt " Vy 1)¢b1 + bz a Yy Vy adb} a
é=2 t=2 t=2 l:l
.€ d ~ o~ Cd ¢ J ~ 0
T'& a (VOt - Vor-l)(\_/n Vi 1)¢b1 -b, a (\_/n ; \_llt-l)(VOt - VOt-l) - a2 (VOt - VOt-l)\_IZt B,u
g t=2 t=2 t= G
é -~ ¢d a
gb, a Va (VOt - Vot 1 (\_/ Vi 1)Vzt¢b +b a VZt(\_/ ) u
pDwW=—5 2 _ d
S
Because all of the elements are scalars this can be re-written as:
(A2.36)
éd - ~ Co - u
e (VOt Vo- 1)(V0t - Vo 1 (\_/n Vi 1)(_ Vi 1)¢b 22 a \_/2t\_/2t¢92 u
-I--1é1:2 t= i
e e ¢ ¢S ¢, .o ¢S ~ U
g 2b, é. (\_/n Vi 1)V0t Vot 1) -2b A vy (VOt - VOt-l) +2b "a (\_/11 - \_/]1-1)\_I2t B,
_ e t=2 t=2 t=2
P DW = >
S
(A2 37)
é3 ~u
eé.v Vor - 2a VOtV0t1+aV0t 1V011+b avt\_/1t¢b 2b avnvn 1¢b +b avn Vi 1¢b1u
a=2 t=2 t=2 a
_1é - g ¢6 - o l.:l
T é+92 a VyVy ; 2b a Vi Vot +2b a Vi Vot 1+2b a VieaVo - 207Q VyyqVors a
a t=2 t=2 U
é _~¢d ~ ~ a
é—szq:é\_/2t Ot+2bzé.\_/2tvm-l+2blé.\_/nv ¢b -2b v1t Vo ¢b a
b DW = e T Tt= T t=2 T =2 . u
S
g g
Re-arranging and recognising that asymptotically Q Vo Vo = Q Vor-1Vor.: and
t=2 t=2
g g ¢ ..
A VuVy = VaaVy Yidds
t=2 t=2
(A2.37)
gz? tazvmvOt '1% VorVor. l§+2T §°5b¢ff é}\_/\_/ ST avﬁvJll T°5b +T° ?b % avZt Zt(gTb E
e a
§ oT §-osb % oso v, %_‘_21—71?0.531 : Osév Vor. 3 +2-|— §-OSE¢£‘[ 05%\_’11 Va:' oT §-osb % a Vo 1— 3
é a
€ Srisggp U053 g oT-158p % 05 g 24 o7 2 05p %053 T osb T
b DW:S _2% EZYZ‘Vm ﬁ“' ?_2% taz'z\_/ztvot, ﬁ“' ?’ _ff’ @\_/nvzg Gf’ a Vi 1V _Z)JH
SZ

Given that v,, and v, are zero mean and stationary homoscedastic processes (where
it is assumed that v,, follows a stationary first-order autoregressive process) then, by

analogy

plimT %°

to

T
[o]

a. \_/lt- lVOt
t=2

= §0,11 ,

(22),

we

assume
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-
: -05 2
pI|mT a Vie-1Vor-1

T
: -05 8
plimT ™ Q vy Voy

t=2

t=2

=G g,

= §01,11 ,



T T T
p“mT-O'Sé. \_/2tV0t¢: Gy, p“mT-O'Sé. \_/2tV0t-1¢: S0 p“mT-O'Sé. \_/]1\_/2t¢: G,

t=2 t=2 t=2

T
plimT %°Q Yn.1th¢:§z,11- Substitution of these terms, as well as (11), (12), (22),
t=2

(32) and (34) into (A2.37), gives:

(A2.38)
&S00 Sou)+ 2720 8,0- 5., +T0,5,0b,% 27T+ 2T 0 S, + 271, G,
b plimDW = g— T lb o1 ~ 2T»1.592¢§0,2 + 2T»1'592¢§2,;1 +2T° 291¢§1,292 - 291%2,1192 B
2S,,- S
b plimDW = M (A2.39)
0,0
d]
(52)
0 0 zg

To obtain (60) start by rewriting equation (59) as.
a :T'O-S(TO-S\?O)- T 8% %5p ‘C-"r'O-S(TO-SY ) T'&b ‘C-"rO-S(T'O-SY ) (A2.40)
G170, X, THETD, TR XL) (a2

Substitution of (32), (34), (56), (57) and (58) into (A2.40), gives:

&b T8, T b, B/ T, B, (A241)

\ T& b B,(1)- b, (B, (60)

To obtain (63) start by rewriting equation (62) as.

1y
- o'W e T &l
92=9 a7 287 2 axaxa = L,!eTéaef A X Yo (A2.42)
g e t=1 g pe e t=1 Al

Substitution of (18) and (19) into(A2.42), yields:

~ : 5y ¢
b bT 1@3292‘% op. s, (A2.43)

\ Th b @968 %8 =b’ (63)
D, ga?z_z p d?z o — Y2
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To obtain (65) start by rewriting equation (64) as.

.
o ¢ g oG g
Sz :T 10 _ b X 8 _ b X Q A2.44
ta:l@m Yo A @m ) _2tg ( )
P ~ ¢4 > ¢4 5 @
b 3%=T 19 y§t - 222 é. Xot Yor +92 é. XXy B~ (A2.45)
et=1 t=1 =1 g
(A2.46)
52=T 15. ygt 2T 1%'— ' B MTE?I- 1éT~ Xa Yo %-’-T-lgr 1 E MTZEEF Zéza X2t¢ng 1(1—2
t=1 t=1 =

Substitution of (18), (19), (20) and (63) into (A2.46), after taking the probability limit,
gives:

N N *
plims? =S, - 2T"'b), ¢b, B, +T'b, ¢b,b,; (A2.47)

\ plims? =S, (65)

To obtain (67) start by rewriting equation (66) as:

N 1..05
} ~2é-|-2 24 %6) U P
~ =S A - \/ A248
S[Ez]i % g ?- t3:~ll(2t Xot QH )I; ( )
Substitution of (18) and (65) into(A2.48), yields:
lﬂO.S
P y A2.4
%) 'Sooe oy, ol ) (1249
05
1 p T E@y b, % (A2.50)
sz]i 0.0 g”
,-05
\ Tg- b SUgp b, % (67)
%z]j 0,0@2_2 2

To obtain (69) start by rewriting equation (68) as:

( L J ) (A2.51)
1?5[ 13
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Substitution of (63) and (67) into this expression, gives:

- T b5 |
t P b — (A2.52)
T 1505 b Gy
0,0@2_2 bjj
- b, |
\ tj P LZJJ %-0.5 (69)
88;2232292 Bjj
To obtain (71) start by rewriting equation (70) as:”’
~ . T M) ~
T'8b %r2& 28 x,x, %1 (16)
2 —20 & o a -
R’ = =R (A2.53)
TCT8 v 2
e t=1 1]
Substitution of (18), (20) and (63) into(A2.53), gives:
€ .
T, §,b,%
R°p — —° 0L b (A2.54)
S0,0
R .
b, ¢p,b,b
\ TR?p 22227272 @2P: b, (72)
0,0
To obtain (73) start by rewriting equation (72) as.
~ & - - 108 T HTR?) U
F, = M- - _(1 )2 Q (A2.55)
m, - TR g
Substitution of (71) into (A2.55), gives:
4% a0, %) &® %0 %,e
°  Equation (70) derives from: R*= =12 == ~
aye av a Ys

~ ¢g ~
Ez a Zthzt¢E2

2 _ t=1
P R = T
ay

t=1

[=RN]



é C ou
(E:- T_lg_z d?zpzq:ng l;I
e T u
e Sy - b
~ o , -
F, b ? M 1% g - 2 (A2.56)
M le _1(}_; (‘,’szqu*z 93
&1 ¢ g o
~ 8 0,0 -
e a2
L
[T 1(_|__ m, - 1)?‘22 d?zpz%z N
_ g mZSOO -
F,b : _ @ (A2.57)
* W (0]
1- T_lg?gz d?zbz(rbz
¢ Sw
L
. &, b,
. E mSe, -
F, G (A2.58)

Equation (A2.58) is obtained from (A2 57) because, as the sample size tends to

. pab,%; 2

infinity, [T*(T- m, - 1)|® Land T° . +® 0.

¢ S

b*((\,’(_) b q;D*
\ E,p 22222 (73)
rnZSO,O

To obtain (75) start by rewriting equation (74) as:*®

g ~D -1g N2
a u2t T a u2t
t=1 t=1
T -~
Substitution  of s2=T'3 a2 and Oy =y - 22‘ Xy ino  DW  gives,

g ¢ S e SV

: 18

T 18. ot~ Ez X %’ g?fom' Ez l(zt-lgé T a e(ym Yor- 1 ¢()_(2t Xt 1

DW=—'=2 — =28 — . From
S S

(4, Xor = Xor1 (l B Xz)' (lzt-l B Xz)zlzt - Ko =Vy althothXZt ~ 1), because it is a
random walk without drift its mean is constant through time and, asymptotically, the contemporaneous
and lagged mean are approximately equal. Also, from (2), the following holds (approximately) in large
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i g ~ ¢ NS ~ ¢
T'a gVOt Vo 1) E Va %Vm Vot 1) Ez \_/ZtE
DW = t=2 — (A259)
S
(A2.60)
164 ¢, ~ ¢ ~ 7 ~ ¢3 U
T & (VOt - VOt-l)(VOt - Vor-l) tbh av,vyb, -a (VOt Vot 1)"2t¢b -b.a \_/2t(VOt - VOt-l) 0
b DW = e&=2 t=2 t=2 t=2 u
"S"Z
Because all of the elements are scalars this can be re-written as.
(A2.61)
163 ¢, ~¢3 ~ - ¢ w
T léa. (VOt - VOt-l)(VOt - VOt-l) +22 a \_/2t\_/2t¢22 - 292 a Vi (VOt - VOt-l) 1
DW — et=2 t=2 t=2 U
32
(A2 62)
163 ~ ¢d ¢5 ~ ¢J u
T éa VoVor - 2a Vo Vor- 1+a. Vor-1Vor-1 E a VaVay Pl 222 a Vy Vo +2b a Vo Vor. 1u
b DW = 8-2 t=2 =2 :=2 t=2
5

T T
Re-arranging and recognising that asymptotically § Vo Vo = & V.1V, Yi€lds:
t=2 t=2

(A2.63)

J J 6 o
? 1a VOtVOt T 1a VOtVOt 1Q+T ?-b 1a. YZtVthTb )
t=2 =2

=2
or-15gh Y 058 0 or-15gh Y 0
Yoz a VaVe ~t P,z aVZt o1
t=2 g 1]
2

s

@ P> @ D ('K)(‘D\
(@ en} ey an} C [emig

DW =

Substitution of (11), (12), (63) and (65) into (A2.63) and, given that v, is a zero
mean and stationary homoscedastic processes (where it is assumed that v,, follows a

stationary first-order autoregressive process) then, by analogy to (22), we assume that,

T T
plimT 058 v,v, = Gy,, PIMT Vo Vo = G, - Substitution of these, along

t=2 t=2

with (11), (12), (63) and (65) into (A2.63), gives

A X ( .
éz(so,o - So,1)+T-2Q2 Sz,obz le Goz +2T° lsb szH

plimDW = (A2.64)

S0,0

2

samples Yo, - Vo1 = (Yot - \_(o)- (YOT_1 - \_(o):v0t - V., - Substitution of these error terms into DW
1

u
Vor - Vor-l)' Bz thg

gives equation (74): DW = —*=2

"S"'Z
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2(So,o - SO,l)

P plimDW =
S0,0
| é g5, A
\ pI|mDW:2é‘L-§ =0
e &Soodd

To obtain (78) start by rewriting equation (77) as.
Y A e~ (Beos e 05—

a —T 05(-|-05Y0)_ T l?—gz gI-OS(-I- 05&2)
Substitution of (63), (56) and (58) into (A2.66) gives:

~ L
apb T°B,1)- T *b, (B

\ T®a b B,(1)- b, ¢B
0 B2 (B2
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(A2.65)

(75)

(A2.66)

(A2.67)

(78)
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